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PREFACE 



Authors in this book for the first time have constructed nonassociative 
structures like groupoids, quasi loops, non associative semirings and 
rings using finite complex modulo integers. The Smarandache analogue 
is also carried out. We see the nonassociative complex modulo integers 
groupoids satisfy several special identities l ik e Moufang identity, Bol 
identity, right alternative and left alternative identities. P-complex 
modulo integer groupoids and idempotent complex modulo integer 
groupoids are introduced and characterized. 

This book has six chapters. The first one is introductory in nature. 
Second chapter introduces complex modulo integer groupoids and 
complex modulo integer loops using C(Z n ). This chapter gives 77 
examples and forty theorems. Chapter three introduces the notion of 
nonassociative complex rings both finite and infinite using complex 
groupoids and complex loops. This chapter gives over 120 examples 
and thirty theorems. 
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Forth chapter introduces nonassociative structures using complex 
modulo integer groupoids and quasi loops. This new notion is well 
illustrated by 140 examples. 

These can find applications only in due course of time, when these 
new concepts become familiar. The final chapter suggests over 300 
problems some of which are research problems. 

We thank Dr. K.Kandasamy for proof reading and being extremely 
supportive. 



W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 
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Chapter One 



Introduction 



In this chapter we for just recall some definitions and give 
the notations to make this book a self contained one. Z n , Z, Q, R 
and C denote the modulo integers, integers, rationals, reals and 
complex numbers respectively. 

C(Z n ) = {a + bi F I a, b e Z n , ip = n - 1 } denotes the ring of 
complex modulo integers. 

C(Z) = {a + bi I a, b e Z, i 2 = -1} denotes the ring of 
complex integers. 

C(Q) = {a + bi I a, b e Q, i 2 = -1} is the field of rational 
complex numbers. 

C(R) = C = {a + bi I a, b e R, i 2 = -1} is the field of 
complex numbers. 

R + u {0}, Q + u {0}, Z + u {0} denote the positive numbers 
and they form the semifield. 

However, since i 2 = -1 we cannot have complex semifield. 

Now we proceed onto define groupoids and loops and for 
more about these concepts refer [14-5] . 
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Definition 1.1: Let 

G = (Z„, * (t, u); t, u € Z„ \ {0, 1}, (t, u) = 1; 
t and u are primes} be a groupoid of type I. 

If in this definition (t, u) = 1; t and u are not primes but 
relatively prime we get a groupoid of type II. If in this definition 
1.1 if we replace (t, u) = d^0;(t,ue Z n \ {0}) we get groupoid 
of type III. (Also (t, t) gives a groupoid of type V), if t or u = 0 
then also (t, 0) or (0, t) will give a groupoid of type IV. 

We give examples of them. 

Example 1.1: Let G = {Z 45 , (7, 13), *} be groupoid of type I. 

Example 1.2: Let G = {Z 36 , (15, 8), *} be groupoid of type II. 

Example 1.3: Let G = {Z 40 , (9, 24), *} be groupoid of type III. 

Example 1.4: Let G = {Z 29 , (12, 12), *} be groupoid of type IV. 

Example 1.5: Let G = {Z 20 , (13, 0), *} be groupoid of type V. 

Now we have several associated properties with them. For more 
please refer [14). 

DEFINITION 1.2: Let (G, *) be a groupoid. If H cz G and (H, *) 
is a groupoid then we call (H, *) to be a subgroupoid of G. If 
(H, *) is a semigroup we define (G, *) to be a Smarandache 
groupoid. 

All groupoids in general are not Smarandache groupoids. 
We can define special identities on groupoids [14]. 

Now we proceed onto recall the definition of the new class 
of loops. 

DEFINITION 1.3: Let L„(m) = {e, 1, 2, ..., n} be the set where 
n > 3, n is odd and m is a positive integer such that ( m, n) = 1 
and (m—1, n) = 1 with m < n. 



Define on L„(m) a binary operation ‘o’ as follows. 

(i) e o i = i o e = ifor all i e L n (m) 

(ii) r = i o i = efor all i e L n (m) 

( Hi ) i o j = t where t = (mj - (m - 1 )i) 
for all i, j e L n (m), i ^ j, i ^ e and j ^ e; then L n (m) is a loop 
under the binary operation. 

We just give one or two examples. 

Example 1.6: Let L 5 (2) = {e, 1, 2, 3, 4, 5}. The table for L 5 (2) is 
as follows: 
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LT2) is a loop of order six. Clearly Ls(2) is non associative and 
non commutative. 



Example 1.7: L 9 (8) be the loop given by the following table. 
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L</8 ) is a Smarandache loop [15]. 
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We can study the special identities satisfied by them. 

L n = { L n (m) I 1 < m , n, (m, n) (m - 1 , n) = 1 , n odd n > 3 } 
denotes the class of all loops of order n + 1 . 

We just recall the definition of groupoid rings. 

DEFINITION 1.4: Let G be a groupoid. R be a commutative ring 
with unit or a field. The groupoid ring RG consists of all finite 
formal sums of the form X>', gj (i; running over a finite number) 
where r, e R and gj e G satisfying the following conditions. 



(i) X>/&=X s i g i if and only 

i=l i=l 

if r\ - Si for i=l, 2, ..., n 

n n n 

( H) X a tSt + H h iSi =X r a . + b i 

i=l i=l i=l 



( n n n 

Tj a iSt \ Yj b iSi =Tj c kS k 

i=l J\i=l 7 k=l 

where g, gj = m k c k = Xa, b, 



(iv) r, gi = g, r, for all r, e R and g -, e G. 



(v) r Y j r i g i =Y,( rr i )St for all r, r, e R and g, e G. 

i=l i=l 

Since 1 e R and g t e G we have G = l.G cr R G and R c - RG if 
and only if G has identity, otherwise R (ZRG. 



Clearly RG is a non associative ring with 0 e R as the 
additive identity. The groupoid ring RG is an alternative ring if 
(x x) y = x (xy) and x (yy) = (xy) y for all x, y e RG. 

We just give some examples of groupoid rings. 
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Example 1.8: Let G = { Z y , *, (3, 8)} be a groupoid F = Z 2 = {0, 
1} be the finite field. FG is the groupoid ring of G over F. 
Clearly FG is non commutative and non associative ring but of 
finite order. 



Example 1.9: Let G = {Z 40 , *, (3, 3)} be a groupoid Z = F be 
the ring of integers, FG is the groupoid ring of infinite order. 

FG is commutative but a non associative ring. 



Example 1.10: Let G = { Zi 2 o, *, (23, 0)} be a groupoid. 
F = Z 12 be the ring of modulo integers FG be the groupoid ring. 
FG has two sided ideals given by 



I = KG = 




ai e {0, 2, 4, 6, 8, 10} c Z 12 , gl e G} c FG 



is an ideal of FG. Further FG has right ideals which are not left 
ideals. 



DEFINITION 1.5: Let R be a commutative ring with unit or a 
field. L be any loop. The loop ring of the loop L over the ring R 
denoted by RL consists of all finite formal sums of the form 
Xa,m, (i-runs over a finite number ) where a, e R and m, e L 
satisfying the following conditions. 



(i) 



^ a. m j = Jkm, if and only 



i=l i=l 

if at = bjfor i=l, 2, ..., n 



(ii) 

(iii) 

(iv) 



+ ^bnr = a,. + b )m t 



i=l i=l 



( " ^ 
Tj a t m i 




i=i 

\ 



Z c k m k 



V i=l J \ j=l y m k =m i rrij 

where c k = y a, b t 

r, nii = m, r, for all r, e R and m, e L. 
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(V) 



y. rni — 'J'f rr )m j for all r e R and Jfr, m, e RL. 



V < y < 

/?L ;.v a non associative ring with 0 e R as the additive identity. 
Since 1 e R we have L = 1 . L c - RL and R.e = R cz RL where e 
is the identity element ofL. 



We will illustrate this situation by some examples. 

Example 1.11: Let F = Z 2 = {0, 1 } be the finite field L = Ln(5) 
be the loop of order 12. FL be the loop ring. Clearly FL is non 
commutative and a non associative ring of finite order. 

Example 1.12: Let F = Z be the ring of integers. L = Li9(10) be 
a loop of order 20. FL be the loop ring. FL is a commutative but 
non associative ring of infinite order. 
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Chapter Two 



Complex Modulo Integer Groupoids 



In this chapter we for the first time introduce the notion of 
complex modulo integer groupoids built using complex modulo 
integers C(Z n ) = {a + bi F I a, b e Z n ; ip = n-1 }. 

Clearly o (C(Z n )) = n 2 . 

DEFINITION 2.1: Let G = ja + bi F \ a, b e Z n ; i 2 F = n-1 } be the 
collection of complex modulo integers. Define * on G as 
follows for every x, y in G where x = a + bi F and y = c+di F 

x*y = (a+bi F ) * ( c + di F ) 

= (ta + sc) mod n + (tb + sd)i F (mod n) 
with t, s e Z„ \ {0} (t, s) = 1, t and 5 are primes; (G, *, (t, s)) is 
defined as the complex modulo integer groupoid of type I. 

If (t, u) = 1 but t and u are not primes then we define them 
as type II groupoids. 

We will illustrate this situation by some examples. 
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Example 2.1: Let (G, *, (7, 3)) = {a + i F b I a, b e Z 10 , *, (7, 3)} 
be a complex modulo integer groupoid of type I. Let x = 5 + 2i F 
and y = 1 + 9i F be in G. Now 

x+y= (5 + 2i F ) * ( 1 +9i F ) 

= (5*1) (mod 10) + (2*9) i F (mod 10) 

= (35 + 3) (mod 10) + (14 + 27) i F (mod 10) 

= 8 + i F . Clearly x*y e G. 

Example 2.2: Let G = (C(Zi 2 ), *, (7, 8)} be a complex modulo 
integer groupoid of order 12 2 . 

Example 2.3: Let K = { C(Za), *, (1, 2)} be a complex modulo 
integer groupoid of order 3 2 . 

Example 2.4: Let G = {C(Z 14 ), *, (9, 5)} be a complex modulo 
integer groupoid of order 14 2 . 

Example 2.5: Let K = {C(Zi 9 ), *, (12, 11)} be a complex 
modulo integer groupoid of order 19 2 . 

All these groupoids are of type I. 

Now we can define type III complex modulo integer groupoids. 

Definition 2.2: Let 

G = { C(Z n ), * (t, s) = d ? 1, n >5, t, s e Z„ \ {0,1}}. G is a 
complex modulo integer groupoid of type III. 

We will give examples of them. 

Example 2.6: Let M = (C(Zi 2 ), *, (3, 9)} be a complex modulo 
integer groupoid of order 12 2 . 

It is clear from the very definition if (t, s) = d ■£ 0 then n 
must naturally be greater than or equal to 5 for type II 
groupoids. 
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Example 2.7: Let G = (C(Z 5 ), *, (2, 4)} be a complex modulo 
integer groupoid of order 5 . 

Suppose x = 3 + 2i F and y = l+i F are in G then 

x*y = (3+2i F ) * (l+i F ) = 3*1 + (2*l)i F 
= [(6+4)+ (4+4 )i F ) (mod 5) 

= 3i F e G. 

It is interesting to note that the product can be a complex 
number with real part equal to zero. 

Now if x = (2+3i F ) and y = (4+i F ) are in G then 

x*y = (2+3i F ) * (4+i F ) = (2*4) (3i F * i F ) (mod 5) 

= (4+16) mod 5 + (6 + 4) i F (mod 5) 

= 0 + 0i F = 0 6 G. 

Thus we can have zero divisors in G. Just like a semigroup 
we can in case of groupoids also have the notion of zero 
divisors. 

Take x = 2+3i F and y = l+i F in G, then 

x*y = (2.2 +1.4 + (3.2 + 4) i F ) (mod 5) 

= 8+10ip (mod 5) = 3 e G. 

We see the product is just a real value. 

Thus we have seen a groupoid can have modulo integers or 
imaginary modulo integers as elements. It is also interesting to 
note that these groupoids can have zero divisors. 

The concept of the definition of subgroupoid is a matter of 
routine, hence left as an exercise to the reader. 

Example 2.8: Let G = (C(Z 5 ), *, (2, 4)} be a complex modulo 
integer groupoid. 

Clearly Hi = { 1, If, 1 + i F ) c G is a complex modulo integer 
subgroupoid of G. 
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H 2 = {2, 2i F , 2+2i|,} c G is also a complex modulo integer 
subgroupoid of G. 

H 3 = {3, 3iF, 3+3ip} c G is again a complex modulo integer 
subgroupoid and H 4 = {4, 4i P , 4+4i F } c G is again a complex 
modulo integer subgroupoid of G. 

Example 2.9: Let G = (C(Z 6 ), *, (2, 4)} be a complex modulo 
integer groupoid. Consider 

H = {0, 2, 4, 2ip, 4ip, 2+2ip, 2+4ip, 4ip + 2, 4ip + 4} c G is a 
complex modulo integer subgroupoid. 

Example 2.10: Let G = (C(Z 8 ), *, (2, 6 )} be a complex modulo 
integer groupoid. Consider 



H — {0, 2, 4, 6 , 2ip, 4i F , 6 ip, 2+2ip, 2+4ip, 2+6ip, 6 + 6 i F } ci G; 
H is a complex modulo integer subgroupoid of G. 

Example 2.11: Let G = (C(Z 12 ), *, (2, 10)} be a complex 
modulo integer groupoid. Consider 

H = {0, 2, 4, 6 , 8 , 10, 2+2ip, 2+4i F , 2+6i F , 2+8i F , 2+10i F , 
4+2ip,4+4ip, 4+6ip, 4+8ip, 4+10ip, 6+2i F , 6+4i F , 6 + 6 ip, 6 + 8 ip, 
6+10ip, 8+2ip, 8+4ip, 8 + 6 i F , 8 + 8 i F , 8+10i F , 10+2i F , 10+4i F , 
10+6ip, 10+8ip, 10+10i F , 2i F , 4i F , 6 i F , 8 i F , 1 0i F } ci G, is a 
complex modulo integer subgroupod of G. IHI = 36 and IGI = 
12 x 12. Clearly IHI / IGI. 

Example 2.12: Let G = {C(Z 12 ), *, (10, 8 )} be a complex 
modulo integer groupoid. Consider 

Hi = {0, 4, 8 , 4ip, 8 i F , 4+4i F , 4+8i F , 8+4i F , 8 + 8 i F } c G is a 
complex modulo integer subgroupoid of G. H 2 = (2, 6 , 10, 2i F , 
6 ip, 10 ip, 2 + 2 ip, 2 + 6 i F , 2 + 10 ip, 6 + 2 i F , 6 + 6 i F , 6 + 10 ip, 10 + 2 i F , 
10+6ip, 10+10ip} c G; 

H 2 is a complex modulo integer subgroupoid of G. 

Example 2.13: Let G = {C(Z ]0 ), *, ( 8 , 4)} be a complex 

modulo integer groupoid. Take H = {0, 2, 4, 8 , 6 , 2i F , 6 i F , 4i F , 
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8ip, 2+2i F , 2+4ip, 2+6ip, 2+8ip, 4+2ip, 4 + 4ip, 4+6ip, 4+8ip, 
6+2ip, 6+4ip, 6+6i F , 6+8i F , 8+2i F , 8+4i F , 8+6i F , 8+8i F } cz G; is a 
complex modulo integer subgroupod of G. 

Next we proceed onto define type IV complex modulo 
integer groupoid. 

Definition 2.3: Let G = fC(Z„), * (t, 0); t e ZJ be a 
complex modulo integer groupoid of type IV. 

Example 2.14: Let G = {C(Zg), *, (0, 2)} be a complex modulo 
integer groupoid of type IV. 

Example 2.15: Let G = {C(Z 42 ), *, (0, 9)} be a complex 

modulo integer groupoid of type IV. 

Example 2.16: Let G = {C(Z 40 ), *, (11, 0)} be a complex 
modulo integer groupoid of type IV. 

Now we give one example of a subgroupoid. 

Example 2.17: Let G = (C(Z6), *, (0, 2)} be a complex modulo 
integer groupoid. Take 

H = {0, 2, 4, 2i F , 4i F , 2+2ip, 2+4ip, 4+2ip, 4+4ip} c G is a 
complex modulo integer subgroupoid of G of type IV. 

Example 2.18: Let G = (C(Z 23 ), *, (0, 11)} be a complex 
modulo integer groupoid of order 23 2 . 

Now we have the fifth type of groupoid using modulo 
complex integers. 

Definition 2.4: Let G = {C(Z„), * (t, t); t e Z n \{0, 1}} = G 
be the collection of elements. For a = x+yi F and b = m+ni F in 
G we define 
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a*b = (x+yi F ) * (m+ni F ) = x*m + (n*y)i F = (tx + tm) + 
(tn + ty) i F e G. (addition modulo n). Thus G is a groupoid 
defined as the groupoid of modulo complex integers of type V. 

We give examples of them. 

Example 2.19: Let G = (C(Z 5 ), *, (2, 2)} be a complex modulo 
integer groupoid of type V of order 5. 

The only subgroupoids of G are H = {Z 5 , *, (2, 2)} cG, and 
P= {Z 5 i F , * (2, 2)}cG. 

Example 2.20: Let G = {C(Z 7 ), *, (3, 3)} be a complex modulo 
integer groupoid of type V of order 7 2 . Clearly G has only two 
subgroupoids given by P = {Z 7 , *, (3, 3)} c G and T = {Z 7 i F , *, 
(3, 3))cG. 

Example 2.21: Let G = { C(Z 6 ), *, (2, 2)} be a complex modulo 
integer groupoid. Take 

PI = { 0, 2, 4, 2i(.. 4i F , 2+2ip, 2+4ip, 4+2ip, 4+4ip} c G, PI is a 
complex modulo integer subgroupoid of G. 

Example 2.22: Let G = {C(Z 6 ), *, (5, 5)} be a complex modulo 
integer groupoid. Take Hi = {4, 4i F , 4+4i F } c G is a 
subgroupoid of G. Also H 2 = {2, 2i F , 2+2i P } c G is a 
subgroupoid of G. 

These groupoids of type V are all commutative complex 
modulo integer groupoids. Now we proceed onto define 
Smarandache complex modulo integer groupoids and groupoids 
that satisfy special class of identity. 

Let G = {C(Z n ), *, (u, v); u, v e Z n } be a complex modulo 
integer groupoid. If H c G (be a proper subset of G) is such 
that, H under the operations of G, is a semigroup then we define 
G to be a Smarandache complex modulo integer groupoid. 
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We provide some examples from the three types of 
groupoids. 

Example 2.23: Let G = {C(Zio), *, (1, 5)} be a Smarandache 
complex modulo integer groupoid. 

Clearly S = {0, 5, 5i F , 5+5i F } is a semigroup of complex 
modulo integer groupoid, G. 

Example 2.24: Let G = (C(Z 6 ), *, (4, 5)} be a complex modulo 
integer groupoid. Take H = {3, 3i F } c G. H is a complex 
modulo integer semigroup. So G is a Smarandache complex 
modulo integer groupoid. 

Example 2.25: Let G = {C(Z 6 ), *, (2, 4)} be a complex 

modulo integer groupoid. H = {0, 3, 3i F , 3 +3i F } c G is a 
complex modulo integer semigroup. Hence G is a Smarandache 
complex modulo integer groupoid. 

We see if G is Smarandache complex modulo integer 
groupoid then every subgroupoid of G need not be a 
Smarandache complex modulo integer subgroupoid of G. 

Example 2.26: Let G = {C(Z 6 ), *, (2, 4)} be a Smarandache 
complex modulo integer groupoid. Consider 

H = (0, 2, 4, 2i F , 4i F , 2 +2i F , 4+2i F , 4+4i F , 2+4i F ] c G. H is 
only a complex modulo integer subgroupoid of G but H is not a 
Smarandache complex modulo integer subgroupoid of G. 
However G is a Smarandache complex modulo integer groupoid 
as 



S = {0, 3, 3i F , 3+3i F } c G is a complex modulo integer 
semigroup. 

Example 2.27: Let G = {C(Zg), *, (4, 5)} be a complex modulo 
integer groupoid. Take 
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H — {1, ip, 3, 31 f, 5, 51f, 1+ip, l+3ip, 1 +5ip, 3+ip, 3+31 f, 
3+51f, 5+i F , 5+31f, 5 + 5i F } c G, is a complex modulo integer 
subgroupoid of G. Clearly H is a Smarandache complex 
modulo integer subgroupoid of G as S = {3, 3i F , 3+3i F } cHisa 
complex modulo integer semigroup. Hence the claim. Since S 
c G, G is also a Smarandache complex modulo integer 
groupoid. 

However 

P = {0, 2, 4, 2i F , 4i P , 2+2ip, 2+4ip, 4+2ip, 4+4ip} ci G is only 
a complex modulo integer subgroupoid which is not 
Smarandache. 

Here on wards we do not mention the type of the groupoid 
by very inspection it is clear. 

Inview of this we have the following interesting theorem. 

Theorem 2.1: Let G = {C(Z n ), * (t, u); t, u e Z n j be a 
complex modulo integer groupoid. If H czG is such that H is a 
Smarandache modulo integer subgroupoid, then G is a 
Smarandache complex modulo integer groupoid. But every 
subgroupoid of G need not be a Smarandache complex modulo 
interger subgroupoid even if G is a Smarandache groupoid. 

Proof is direct and hence is left as an exercise to the reader. 

Example 2.28: Consider G = {C(Z g ), *, (2, 4)}, a complex 
modulo integer groupoid. Take 



P — {0, 3, 2, 4, 6, 2ip, 3iF, 4ip, 6ip, 3+2ip, 3+3ip, 3+4ip, 3+6ip, 
2+2i F , 2+3i| . 2+4i F , 2 + (S i | . 4+2ip, 4+3ip, 4+bi p ? 4 + 4 i p. 6+3ip, 
6+2i F , 6+6i F , 6+4i F } to be a Smarandache complex modulo 
integer subgroupoid of G. Hence G itself is a Smarandache 
complex modulo integer groupoid. 

We now just recall the definition of Smarandache ideal of a 
complex modulo integer groupoid G. Let G = (C(Z n ), *, (t, u) } 
be a Smarandache complex modulo integer groupoid. A c G 
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(A ^ (]) or {0}) is said to be a Smarandache complex modulo 
integer left ideal of G if the following conditions are true. 

(i) A is a Smarandache complex modulo integer 
subgroupoid of G. 

(ii) For x e G and a e A, x * a e A. 

Similarly we can define Smarandache right ideal. If A is 
both a S-left ideal and S-right ideal of G then we define A to be 
a Smarandache ideal of G. 

We give examples of them. 

Example 2.29: Let G = {C(Zf), *, (4, 5)} be a Smarandache 

complex modulo integer groupoid. Let 

A = {1, 3, 5, ip, 3ip, 5ip, 1+ ip, 1 f+3, 1+ 3f, l+5ip, 3+3ip, 
3+5ip, 5+5iF, 5+3ip} c V be a Smarandache left ideal of G. 
Clearly A is not a Smarandache right ideal of G. 

Example 2.30: Let G = { C(Ze), *, (4, 5)} be a complex modulo 
integer groupoid. Consider 

A = {1, 3, 5, ip, 3ip, 5ip, 1 +ip, l+3ip, l+5ip, 3+ip, 3+3ip, 
3+5ip, 5+ip, 5+3ip, 5+5 L} c G; A is a Smarandache left ideal of 
G and is not a Smarandache right ideal of G. 

Example 2.31: Let G = {C(Z(,), *, (2, 4)} be a complex modulo 
integer groupoid. Consider 

P = {0, 2, 4, 2ip, 4ip, 2+2ip, 2+4ip, 4+2ip, 4+4ip} ci Gj 

Clearly P is an ideal of G but clearly P is not a Smarandache 
ideal of G; infact P is not even a Smarandache subgroupoid of 
G. 



Inview of this we have the following theorem. 

THEOREM 2.2: Let G = {C(Z n ), * (t, s), t, s e Z„J be a complex 
modulo integer groupoid. If I is a Smarandache complex 
modulo integer ideal of G then / is a complex modulo integer 
ideal of G. Conversely if I is a complex modulo integer ideal of 
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G, then I is general need not be a Smarandache complex 
modulo integer ideal of G. 

We will just define the notion of Smarandache seminormal 
groupoid. 

Let G = {C(Z n ), *, (t, s), t, s e Z n } be a Smarandache 
complex modulo integer groupoid. Suppose S c G be a 
Smarandache complex modulo integer subgroupoid of G; we 
say S is a Smarandache complex modulo integer seminormal 
subgroupoid of G if 

(i) aS = X for all a e G, 

(ii) Sa = Y for all a e G, 

where either X or Y is a Smarandache subgroupoid of G; but 
both X and Y are subgroupoids of G. 

We will give one example of this definition. 

Example 2.32: Let G = { C(Z 6 ), *, (4, 5)} be a Smarandache 
complex modulo integer groupoid. 

A = {1, 3, 5, ip, 3ip, 5ip, 1+iF, 3ijs+l, 1 +5ip, 3+ip, 3+3ip, 
3+5iF, 5+iF, 5+3iF, 5+5ip} c G, A is also a Smaradache 
subgroupoid of G. Clearly aA = A for all a e G but 

Aa = {0, 2, 4, 2ip, 4ip, 2+2ip, 2+ 4ip, 4+2ip, 4+4ip} is not a 
Smarandache subgroupoid of G. Thus A is a Smarandache 
seminormal subgroupoid of G. 

Inview of this we have the following theorem. 

THEOREM 2.3: Every Smarandache complex modulo integer 
normal groupoid is a Smarandache complex modulo integer 
seminormal groupoid and not conversely. 

The proof is direct and hence is left as an exercise to the 
reader. 
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Example 2.33: Let G = {C(Z 8 ), *, (2, 8)} be a complex 
modulo integer groupoid. S = {0, 4, 4i F , 4+4i F } c G is a 
complex modulo integer semigroup under *. Consider 

A = {0, 2, 4, 6, 2i F , 4i F , 6i F , 2+2i F , 2+4i F , 2+6i F , 4+2i F , 
4+4i F , 4+6i F , 6+2i F , 6+4i F , 6+6i F } c G is a Smarandache 
complex modulo integer subgroupoid. It is easily verified for 
every xe G, xA = A and Ax = A. 

Thus A is a Smarandache complex modulo integer normal 
subgroupoid of G. 

We now just recall the notion of Smarandache 
semiconjugate subgroupoid of complex modulo integers. 

Let G = { C(Z n ), *, (t, u), t, u e Z n } be a Smarandache 
complex modulo integer groupoid. 

Let I and J be any two complex modulo integer 
subgroupoids of G. We say I and J are Smarandache 

semiconjugate subgroupoids of G if 

(i) I and J are Smarandache complex modulo integer 
subgroupoids of G. 

(ii) I = xJ or Jx or 

(iii) J = xl or lx for some xe G. 

We give examples of Smarandache complex modulo integer 
subgroupoids of G which are semiconjugate. 

Example 2.34: Let G = (C(Zg), *, (2, 4) be a complex modulo 
integer groupoid. Consider 



J — {0, 2, 3, 4, 6, 2i F , 3i F , 4i F , 6i F , 2+2i F , 2+3i F , 2+4i F , 2+6i F , 
4+2i F , 4+3i F , 4+4i F , 4 + 6i F , 3+2i F , 3+3i F , 3+4i F , 3+6i F , 6+2i F , 
6+3i F , 6+4i F , 6+6i F } c G, I is a Smarandache complex integer 
subgroupoid of G. Take 
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I — {0, 2, 4, 6, 2i F , 4ip, 6ip, 2+2ip, 2+4ip, 2+6i F , 4+2ip, 4+4ip, 
4+6ip, 6+2ip, 6+4ip, 6+6ip} c G; I is also a Smarandache 
complex modulo integer subgroupoid of G. 

Now TJ = I (or 7, 7i F , J = I or 7+7i F J = I). Hence J and I 
are Smarandache complex modulo integer semiconjugate 
subgroupoids of G. 

Now we proceed onto define Smarandache complex modulo 
integer conjugate subgroupoids of a complex modulo integer 
groupoid G. 

Let G = (C(Z n ), *, (t, u); t, u e Z n } be a Smarandache 
complex modulo integer groupoid. H and P be complex modulo 
integer subgroupoids of G. We say H and P are Smarandache 
conjugate complex modulo integer subgroupoids of G if 

(i) H and P are Smarandache subgroupoids of complex 
modulo integers of G. 

(ii) H = xP or Px and 

(iii) P = xH or Hx. 

We will first illustrate this situation by an example. 

Example 2.35: Let G = {C(Zi 2 ), *, (1, 3)} be a complex 

modulo integer groupoid. 

S = {0, 6, 6ip, 6+6ip} c G is a complex modulo integer 
semigroup of G. So G is a Smarandache complex modulo 
integer groupoid. Consider 



Hi — (0, 3, 6, 9, 3ip, 6ip, 9i F , 3+3i F , 3+6ip, 3+9i F , 6+3i F , 
6+6ip, 6+9ip, 9+3ip, 9+6i F , 9+9i F } ■— G and 

Hi = {2, 5, 8, 11, 2ip, 5 i F , 8i F , lli F , 2+2i F , 2+5i F , 2+8i F , 
2+1 lip, 5+2ip, 5+5ip, 5+8ip, 5+1 lip, 8+2i F , 8+5ip, 8+8ip, 8+1 lip, 
ll+2ip, ll+5ip, 1 l+8i F , 11+1 lip} c G; are two Smarandache 
complex modulo integer subgroupoids of G. 
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Now H, = 3H 2 (3i F H 2 , 3+3i F H 2 ) 



Further H 2 = 2H] (2i F H! or 2+2i F H,). 

So Hi and H 2 are Smarandache conjugate complex modulo 
integer subgroupoids of G. 

In view of this we have the following theorem. 

THEOREM 2.4: Let G be a Smarandache complex modulo 

integer groupoid. If Hi and Hi are two Smarandache complex 
modulo integer subgroupoids of G which are Smarandache 
conjugate then they are Smarandache semiconjugate. But if we 
have two subgroupoids to be Smarandache semiconjugate then 
they need not in general be Smarandache conjugate. 

We give the following theorems proofs of which are left to 
be reader [ 1. 

THEOREM 2.5: The complex modulo integer groupoids 
G = fC(Z n ), * (t, t), t < n} are commutative. 

THEOREM 2.6: The complex modulo integer groupoids 
G = fC(Z p ), * (t, t), t , p, p a prime} are normal. 

THEOREM 2.7: The complex modulo integer groupoids 
G = fC(Z n ), * (t, t); t < n} are P-groupoids. 

THEOREM 2.8: The complex modulo integer groupoids 

G = {C(Z n }, *, (t, t), 1 < t < nj are not alternative 
groupoids if n is a prime. 

THEOREM 2.9: The complex modulo integer groupoids 
G = fC(Z n }, *, (t, t)}, n not a prime are alternative groupoids if 
and only iff = t ( mod n ). 

THEOREM 2.10: The complex modulo integer groupoids 

G = { C(Z n }, * (t, u)} are simple if t + u = n and t and u are 
primes. 



25 



We will give examples of them. 

Example 2.36: Let G = (C(Z 2 ), *, (7, 13)} be complex modulo 
integer groupoid. G is simple. 

Example 2.37: Let G = {C(Z 13 ), *, (7, 6)} be a complex 

modulo integer groupoid. G is simple. 

Inview of this example we can easily prove the following 
theorem. 

Theorem 2.11: Let 

G = (C(Z P ), *, (t, u) such that t + u = p; pa prime and 
(t, u) = 1 } be a complex modulo integer groupoid. G is simple. 

Theorem 2.12: Let 

G = {C(Z n ), * (t, u); (t, u) = 1 and t, u e Z n \ {0}} be a 
complex modulo integer groupoid. In G, {0} is not an ideal. 

THEOREM 2.13: P is a left ideal of G - fC(Z n ), * (t, u) = 1} 
the complex modulo integer groupoid if and only if P is a right 
ideal of G' - {C(Z„), *, (u, t) = 1}, the complex modulo integer 
groupoid. 

We will just give an example of this situation. 

Example 2.38: Let G = (C(Z 4 ), *, (2,3)} be a complex modulo 
integer groupoid. Let P = {0, 2, 2i F , 2+2i F } and 

Q = {1, 3, i F , 3 i F , ip+1, i F +3, 3i F +l, 3i F +3} be complex 
modulo integer left ideals of G. Clearly P and Q are not right 
ideals of G. Now consider the complex modulo integer 
groupoid 

H = {C(Z 4 ), *, (3, 2)}. Take T = {0, 2, 2i F , 2+2i F } c H and 

R = {1, 3, i F , 3i F , l+i F , l+3i F , ip+3, 3i F +3} c H. Clearly T 
and R are complex modulo integer right ideals of H and not left 
ideals of H. 
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G(Z n ) = {C(Z n ), *, (0, t)}, is a complex modulo integer P- 
groupoid and alternative groupoid if and only if t 2 = t mod n. 

Proof is left as an exercise to the reader. 

Example 2.39: Let G = {C(Z 6 ), *, (0, 3)} be a complex modulo 
integer P-groupoid and alternative groupoid. 

Example 2.40: Let G = {C(Z 12 ), *, (0, 4)} be a complex 

modulo integer P-groupoid and alternative groupoid. 

Example 2.41: Let G = {C(Zi 0 ), *, (0, 5)} be a complex 

modulo integer P-groupoid and alternative groupoid. 

We can as in case of usual groupoids define Smarandache 
left ideals and Smarandache right ideals in case of complex 
modulo integer groupoids. 

Example 2.42: Let G = (C(Z 6 ), *, (4, 5)} be a Smarandache 
complex modulo integer groupoid. 



A — {1, 3, 5, ip, 3ip, 5ip, 1+1 ip, 1+31f, l+5ip, 3+1f, 3+31f, 
3+5ip, 5+i F , 5+3i F , 5+5i P } cGisa Smarandache left ideal of G 
and is not a Smarandache right ideal of G. Thus in general a 
Smarandache left ideal of G need not be a Smarandache right 
ideal of G. Also every ideal (right or left) need not be 
Smarandache (right or left) ideal of G. 

We can define all identities as in case of usual groupoids. 
Also the Smarandache analogue is done as in case of usual 
groupoids. 

Example 2.43: Let G = {C(Z 10 ), *, (5, 6)} be a complex 

modulo integer groupoid. G is a Smarandache strong Moufang 
complex modulo integer groupoid. 

Example 2.44: Let G = (C(Z 12 ), *, (3, 9)} be a complex 

modulo integer groupoid, G is only a Smarandache complex 
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modulo integer Moufang groupoid and is not a Smarandache 
strong Moufang groupoid. 

However this theorem can be easily proved. 

THEOREM 2.14: Every Smarandache strong Moufang complex 
modulo integer groupoid is a Smarandache Moufang complex 
modulo integer groupoid and not conversely. 

Example 2.45: Let G = {C(Z 12 ), *, (3, 4)} be a complex 

modulo integer Smarandache strong Bol groupoid. For if we 
take x, y,z e G; then 

(x*y)*z) *y = [(3x + 4y) * z] * y = 3x + 4y 
(if x = 7+3ip . y = 2+51 f and z = l+i F ). 

Then (x*y)*z) *y = 3 (7 + 3i F ) + 4 (2+5i F ) 

= 21 + 91f + 8 + 201f = 5 + 51f. 

Also x * [(y*z) * y] = 5 + 5i F . 

Example 2.46: Let G = (C(Z 4 ), *, (2, 3)} be a complex modulo 
integer groupoid. G is a Smarandache Bol groupoid but is not a 
Smarandache strong Bol groupoid. 

It is left for the reader to prove that every Smarandache 
strong Bol groupoid of complex modulo integers is a 
Smarandache Bol groupoid and not conversely. 

Example 2.47: Let G = (C(Z 6 ), *, (4, 3)} be a complex modulo 
integer groupoid. G is a Smarandache strong P-groupoid. 

Example 2.48: Let G = {C(Z 6 ), *, (3, 5)} be a complex modulo 
integer groupoid. G is not a Smarandache strong P-groupoid. 

Example 2.49: Let G = {C(Z 14 ), *, (7, 8)} be a complex 

modulo integer groupoid which is a Smarandache strong 
alternative groupoid. 
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Now we proceed onto find conditions on Smarandache 
complex modulo integer groupoids. 

Example 2.50: Let G = {C(Z 9 ), *, (5, 3)} be a complex 

modulo integer groupoid. G is not a Smarandache groupoid. 

Example 2.51: Let G = {C(Z 8 ), *, (1, 6)} be a complex modulo 
integer groupoid. G is a Smarandache groupoid, as 
H = {4, 4i F , 4+4i F } cGisa semigroup. 

The following theorems are simple and hence left as 
exercises to the reader. 

THEOREM 2 . 15 : Let G = fC(Z 2 p), * ( /, 2); p an odd prime} be 
the complex modulo integer groupoid. G is a Smarandache 
groupoid. 

Theorem 2 . 16 : Let 

G = (C(Z 3p ), * (1, 3), p an odd prime, p ^3} be the 
complex modulo integer groupoid. G is a Smarandache 
groupoid. 

Theorem 2 . 17 : Let 

G = { C(Z pip2 ), * (1, P] ), p, *p 2 } and H = {C (Z pip2 ), * 

(l,pi), Pi ^ Pi } be two complex modulo integer groupoids. H 
and G are Smarandache groupoids. 

THEOREM 2 . 18 : Let G = {C(Z n ), *, (1, p); p/nj be a complex 
modulo integer groupoid. G is a Smarandache groupoid. 

THEOREM 2 . 19 : Let G = (C(Z n ), * (t, u), t + u = 1 (mod n)} be 
a complex modulo integer groupoid. G is a Smarandache 
idempotent groupoid. 

THEOREM 2 . 20 : Let G = { C(Z n ), * (t, u), t + u = 1 ( mod n)} be 
a complex modulo integer groupoid. G is a Smarandache p- 
groupoid if and only if t 2 =t ( mod n) and u 2 =u ( mod n ). 

The proofs are left as an exercise to the reader. 
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Theorem 2.21: Let 

G = {C(Z„), * (t, u), t + u = 1 ( mod n)} be a complex 
modulo integer groupoid, G is a Smarandache alternative 
groupoid if and only iff =t (mod n) and u =u (mod n). 

Theorem 2.22: Let 

G = fC(Z n ), * (t, u), t + u = 1 (mod n)J be a Smarandache 
complex modulo integer groupoid. G is a Smarandache strong 
Bol groupoid if and only iff = t (mod n) and u 2 =u (mod n). 

Theorem 2.23: Let 

G = { C(Z n ), * t + u = 1 (mod n)j be a Smarandache 
complex modulo integer groupoid. G is a Smarandache strong 
Moufang groupoid if and only if t 2 = t ( mod n) and u = u (mod 
n). 



The proof is direct and is left as an exercise to the reader. 

Example 2.52: Let G = { C(Z 6 ), *, (3, 4)} be a Smarandache 
complex modulo integer groupoid. G is a Smarandache strong 
Bol groupoid. 



Theorem 2.24: Let 



G = { C(Z P ), 



p + 1 p + 1 



, p a prime} be a complex 



modulo integer groupoid. G is a Smarandache groupoid. 



Theorem 2.25: Let 



G = { C(Z„), 



p + 1 p + 1 



, p a prime} be a complex 



.2 2 

modulo integer groupoid. G is a Smarandache groupoid. 



Example 2.53: Let G = {C(Z 12 ), *, (6, 6)} be a complex 

modulo integer groupoid. S = {0, 6, 6i F , 6 + 6i F } c G is a 
semigroup. So G is a Smarandache groupoid. 
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Example 2.54: Let G = {C(Zg), *, (7, 7)} be a complex modulo 
integer groupoid. S = {0, 7, 7i F , 7 +7i F } c Gis a semigroup, 
so G is a Smarandache groupoid. 

In view of this we have the following theorem. 

THEOREM 2.26: Let G = {C(Z„), *, (m, m) j, n even m 2 = m 
( mod n) and m + m = 0 (mod n) be a complex modulo integer 
groupoid. Then G is a Smarandache complex modulo integer 
groupoid of order n 2 . 

Proof follows from the simple fact S = {0, m, mi F , m+mi F } 
cGisa semigroup. 

In general we have the following result, which is first 
illustrated by an example. 

Example 2.55: Let G = {C(Zg), *, (5, 5)} be a complex modulo 
integer groupoid. 

Hence G is a Smarandache complex modulo integer 
groupoid as every element r is such that r * r = r (mod n). 

THEOREM 2.27: Let G = { C(Z n ), * (m, m ) j be a complex 
modulo integer groupoid. G is a Smarandache complex modulo 
integer groupoid only if m + m = 1 (mod n). 

Proof is direct and hence left as an exercise to the reader. 

Example 2.56: Let G = (C(Zi 5 ), *, (8, 8)} be a complex 

modulo integer groupoid. 

Consider a + bi F in G, now 

(a + bi F ) * (a + bi F ) = a * a + b * bi F . 

= (8a + 8a) + (8b + 8b)i F 
= 16a (mod 15) + 16bi F (mod 15) 

= a + bi F . 



31 



Thus every element is also a semigroup. Thus G is a 

Smarandache complex modulo integer groupoid. We know 

, , , • , , (m + 1) (m + 1) , 7 , 

every odd number m is such that — - — H — — = 1 (mod m) 

thus the proof of the theorem trivial. 



The following theorem is straight forward and uses only 
number theoretic techniques. 



Theorem 2.28: Let 

G = {C(Z„), *, (m, m); m+m =1 ( mod n) and m 2 = m (mod n) } 
be the Smarandache complex modulo integer groupoid. 

(i) G is a Smarandache idempotent groupoid of 
complex modulo integers. 

(ii) G is a Smarandache strong P -groupoid. 

(iii) G is a Smarandache strong Bol-groupoid. 

(iv) G is a Smarandache strong Moufang groupoid. 

(v) G is a Smarandache strong alternative groupoid. 



It is interesting and important to mention here that, 

G = (C(Z n ), *, (t, u)} is a complex modulo integer. 

We can build complex modulo integer groupoids with 
identity as follows: 



We known C(Z n ) = {a + bi F I a, b e Z n , ip = n-1} is the 
complex modulo integers. 

Now we adjoin an element e with C(Z n ) as follows: 

C(Z n ) u (e) = {a + bi F I a, b e C(Z n ) u {e}}. 

We define a binary non associative closed operation * on 
C(Z n ue) = C(Z n ) u (e) as follows: 
a * a = e 

a * e = e * a = a for all a e C (Z n u e). 
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For a & b; a * b = ta + ub (mod n) 
where a, b e C(Z n u e) and t,ue Z n \ { 0 } . 

(C(Z n € e), *, (t, u)} is a groupoid called the groupoid with 
identity. 

Example 2.57: Let G = {C (Z 4 u e), *, (t, u)} be a groupoid 
with identity of order 5 2 . 

Every H = {e, g) c G is a semigroup for every g e 
C (Z 4 u e). 

Thus G is a Smarandache groupoid. 

Theorem 2.29: Let G = (C (Z n ue}, * (t, u), t, u e Z„ \ {0}} 
be a complex modulo integer groupoid with identity. G is a 
Smarandache groupoid. 

Proof is straight forward as every pair of the form {e, g} = 
S for every ge C (Z n u e) is a semigroup, hence the claim. 

Thus we say we can get a class of such groupoids for every 
fixed n as t, u e Z n \ { 0 } can vary. 

THEOREM 2.30: No groupoid in the class of groupoids 

G = {C (Z„ ue), *, (t, u), t, u e Z„ \ {Ojl is a Smarandache 
complex modulo integer idempotent groupoid. 

The proof is direct by using the fact in G, a*a = e for every 
a e G, so no element in G can be an idempotent. 

Example 2.58: Let G = {C (Z 6 u e), *, (5, 3)} be a complex 
modulo integer groupoid. It is easily verified that G is a 
Smarandache strong complex modulo integer right alternative 
groupoid. Further it is important to note that G is not even a 
Smarandache modulo integer left alternative groupoid. 

Example 2.59: Let G = {C (Z 6 u e), *, (4, 5)} be a complex 
modulo integer groupoid. Clearly G is a Smarandache strong 
left alternative groupoid. 
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We have the following interesting theorems, the proof of 
which is direct [14, 19]. 

THEOREM 2.31: Let G = jC (Z n u e), * (t, u)} be a complex 
modulo integer groupoid with identity e. G is a Smarandache 
strong right alternative groupoid if and only if t 2 = 1 ( mod n) 
and tu + u =0 ( mod n ). 

Theorem 2.32: Let G = {C (Z n u e), * (t, u)l be a 

Smarandache complex modulo integer groupoid with identity e. 
G is a Smarandache strong left alternative if and only if u 2 = 1 
( mod n) and (t + tu) =0 (mod n). 

THEOREM 2.33: Let G = {C (Z n ue), * (t, u)} denote the class 
of complex modulo integer groupoids n not a prime. G is a 
Smarandache strong Moufang groupoid and Smarandache 
strong P-groupoid only when t 2 = t (mod n) and u = u (mod n). 

Now we proceed onto define complex modulo integer 
loops. 

Definition 2.5: Let 

C(Z„) = (a + bi F I a, b e {1, 2, ..., nj, i 2 F = n-1} be the 
complex modulo integers. We adjoin an element e called the 
identity with Z„ and choose n > 3 and n odd. 

Now consider C ( faj ' ) = (0, a e C(Z n ) u (ej; with * a 
binary operation on C (L„(m)) where m e Z„\ {0} such that (m, 
n) = 1 and (m—1, n) = 1 with m < n such that 

(i) e*a = a*e = afar all a e C ( Lf ] ). 

(ii) a * a = a 2 = efor all a e C ( Lf ’ ). 

(iii) a * b = (mb - (m-l)a) (mod n) 
for all a, b e C ( f n m 1 ). 

C( fa" ’ ) is defined as the new class of loops of complex 
modulo integers. 
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We just show how operation is carried out. 



Example 2.60: Let 



C (L s (2)) = {e, C(Z 5 )} = {e, 1, 2, .... 5, i* 2i F , 3i F , 4i F , 5i F , 1 
+ i F , 5 + 5i F }. For x = a + bi F and y = c+di F in C(Z 5 ) u {e}; 
we have 

x * y = 2 (c + di F ) - 1 (a+bi F ) = (2c - a) + (2d - b)i F is in 
C(Z 5 )u {e}. 

Suppose we take 2 + 5i F , 4 + 2i F in C(L 5 (2)) then 

(2+5i F ) * (4+2i F ) 

= 2 (4+2i F ) - 1 (2+5i F ) 

= 3 + 4i F + 3 + 5ip 
= 1 + 4i F . 



Now we see the order of C (L 5 (2)) is even and order of 
(C(L 5 (2)) = 5 2 +1 = 26. 

We see these loops are different from usual loops built 
using {e, 1, 2, n} = Z n u {e}. 

It is important to mention here that in case of complex 
modulo integer groupoids with identity ‘e’ serves a different 
role. 

We can only say e acts as the identity element equidistantly 
placed on a circle with e as its centre. 

Example 2.61: Let 

C(L 7 (3)) = {0, 1, 2, 7, i F , 2i F , 7i F , l+i F , 2+i F , 

7+i F } u {e} be the complex modulo integer loop of order 64. 
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Example 2.62: Let 

C(Li 5 (2)) = { (C(Zis) u e}, *, 2} be the complex modulo 
integer quasi loop of order 256. 

We see every loop built using the complex modulo integers 
is of even order. 

THEOREM 2.34: Let C(L n (m)) be a complex modulo integer 
loop, (n > 3, n - odd). 2 / o (C(L„(m)) and 4 / o C(L n (m)). 

Proof follows from the very fact if n is odd n = 2t + 1 and 

o (C(L n (m)) = (2t + l) 2 + 1 

= 4t 2 + 4t + 1 + 1 
= 4t 2 + 4t + 2. 

If 2 divides o (C(L n (m)) then 4t 2 + 4t + 2 / 2 = 2t 2 + 2t + 1 . 
Clearly 2 X 2t 2 + 2t + 1 if t is odd or even. Hence the 
claim. 

THEOREM 2.35: Every complex modulo integer loop C(L n (m)) 
is a Smarandache quasi loop. 

Proof follows from the simple fact every pair (e, x) = H 
where x e C(L n (m)) \ {e} is a group. Hence the claim. 

We will denote by 

C(L n ) = {C(L n (m)); m < n, (m, n) = 1 and (m — 1 , n) = 1 } ; 
(n > 3 and n odd) the class of complex modulo integer loops. 

THEOREM 2.36: The class of complex modulo integer loops 
C(L n ) contains exactly one left alternative quasi loop and one 
right alternative quasi loop and does not contain any 
alternative loop. 

The proof is direct by using simple number theoretic 
techniques, however we give examples of them. 
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Example 2.63: Let C(Lis(2)) be a complex modulo integer 

loop. C(L 15 (2)) is the right alternative loop. Infact C(Li 5 (2)) is 
the only right alternative loop in C(L 15 ). 

Example 2.64: Let C(L 9 (2)) be a complex modulo integer loop 
in C(Ly). Clearly C(L 9 (2)) is a right alternative complex 
modulo integer loop. 

Example 2.65: Let C(L| 9 ( 1 8)) be a complex modulo integer 
loop. C(Li g (18)) is only a left alternative loop in the class of 
loops C(L 19 ). 

Example 2.66: Let C(L23(22)) be a complex modulo integer 
loop. C(L 2 3(22)) is only a left alternative loop in the class of 
loops C(L 23 ). 

These loops given in examples 2.66 and 2.67 are not right 
alternative. 

The following theorem can be easily proved by using 
number theoretic techniques. 

THEOREM 2.37: Let C(L„) be the class of complex modulo 
integer loops. 

(i) C(L n ) does not contain any Moufang loop. 

(ii) C(L n ) does not contain any Bol loop. 

(Hi) C(L„) does not contain any Brack loop. 

Example 2.67: Let C(L 7 (3)) be a complex modulo integer loop. 
It is easily verified C(L 7 (3)) is a weak inverse property loop. 

It is important to observe. 3 2 — 3 + 1 = 9 — 3 + 1=0 (mod n). 

In view of this we have the following theorem. 

THEOREM 2.38: Let C(L n (m)) e C(L n ) be the complex modulo 
integer loop. C(L n (m)) is a weak inverse property loop (WIP- 
loop) if and only if (m~ - m + 1) = 0 (mod n). 

For proof refer f 15, 19]. 
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Recall the associator of a complex modulo integer loop 
A(C(L n (m))) = (jte C(L n (m) I t = (x, y, z) for some x, y, z e 
(L n (m)}. 

The following theorem can be easily proved using simple 
number theoretic techniques. 

THEOREM 2.39: Let C(L n (m)) e C(L n ) be a complex modulo 
integer loop. The associator A (C(L n (m))) = C(L„(m)). 

Example 2.68: Let C(L n (6)) be a complex modulo integer 

loop. C (Ln(6)) is a commutative loop. 

Example 2.69: Let C(L 15 (8)) be a complex modulo integer loop. 
C (Li 5 (8)) is a commutative loop. 

Example 2.70: Let C(L 2 i(ll)) be a complex modulo integer 
loop. C(L 2 i( 1 1)) is a commutative loop. 

Inview of these examples we have the following theorem 
the proof of which can be derived using simple number 
theoretic techniques. 

Theorem 2.40: Let 

C(L„) = j C(L„(m )) I (in, n) = 1 and (m—1, n) = 1, m < nj be 
the class of complex modulo integer loop. C(L„) contains one 
and only one commutative loop. 



This happens when m = — clearly for this m we have 
(m, n) = 1 and (m—1, n) = 1. 

Example 2.71: Let C(L 5 (2)) be a complex modulo integer loop. 
C(L 5 2) ) has {e, 1}, {e, 4}, {e, 2} and {e, 2i F } as subgroups. 



Example 2. 72: Let 



C(L 5 (2)) - {e, 1, 2, 3, 4, 5, i F , 2i F , 3i F , 4i F , 5i F , l+i F , 2 + 2i F , 
..., 4i F + 5, 5+5i F } be a complex modulo integer loop of order 
36. 
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The number of subgroups of order two in C(L 5 (2)) is 25. 
Consider H = {e, 2, 2i F , 3i F +4, 4+3i F , l+i F } c C(L 5 (2)). 



* 


e 


2 


2i F 


3+4ip 


4+3ip 


1+ip 


e 


e 


2 


2ip 


3+4ip 


4+3ip 


1+ip 


2 


2 


e 


3+4ip 


4+3ip 


1+ip 


2ip 


2ip 


2ip 


4+3ip 


e 


1+ip 


3+4ip 


2 


3+4ip 


3+4ip 


1+ip 


2 


e 


2ip 


4+3ip 


4+3ip 


4+3ip 


2i F 


1+ip 


2 


e 


3+4ip 


1+ip 


1+ip 


3+4ip 


4+3ip 


2ip 


2 


e 



Clearly H is a subloop and is non commutative. Consider 

P = {e, i F , 1, 2i F + 4, 2 + 4i F , 3i F + 3} c C(L 5 (2)), P is again 
a non commutative subloop of order 6. 

Clearly 6 X 26. 

T = {e, 3i F , 3, ip+2, l+2i F , 4+4i F } c C(L 5 (2)) is a non 
commutative subloop of order 6. 

W = {e, 4i F , 4, 3i F + 1, 3+i F , 2+2i F } c C(L 5 (2)) is again a 
non commutative subloop of order 6. 

M = {e, i F , 2ip, 3i F , 4i P , 5i F } cz C(L 5 (2)) is a subloop of order 
six given by the following table. 



* 


e 




2 ip 


3 ip 


4ip 


5 ip 


e 


e 




2 ip 


3 ip 


4ip 


5 ip 


If 


If 


e 


3 ip 


5 ip 


2ip 


4 ip 


2ip 


2ip 


5 ip 


e 


4ip 


If 


3 ip 


3 i F 


3 ip 


4ip 


iF 


e 


5 ip 


2 ip 


4ip 


4ip 


3 ip 


5 ip 


2ip 


e 


If 


5 ip 


5 ip 


2ip 


4ip 




3 ip 


e 



Clearly M is also a subloop of order 6 and is non 
commutative. Now we consider the subloop generated by 

R = {2 + 3ip, 1 + 4i F }. We just construct the table for it. 



39 



* 


e 


2+3i F 


l+4ip 


3+2i F 


5+5ip 


4+ip 


e 


e 


2+ 3 ip 


l+4ip 


3+2ip 


5+5ip 


4+ip 


2+3ip 


2+3i F 


e 


5 +5 ip 


4+i F 


3+2ip 


l+4i F 


l+4ip 


l+4ip 


3+2ip 


e 


5+5ip 


4+ip 


2+3 ip 


3+2i F 


3+2i F 


l+4ip 


4+ip 


e 


2+3ip 


5+5ip 


5+5i F 


5+5i F 


4+ip 


2+3 i F 


l+4ip 


e 


3+2ip 


4+ip 


4+ip 


5+5ip 


3+2ip 


2+3ip 


l+4ip 


e 



We see R generates again a subloop of order six. 

Consider W = {<1 + 2i F , 3+i F )} c C(L 5 (2)), the subloop 
generated by these two elements. 



* 


e 


l+2ip 


3+ip 


4+3ip 


5+5ip 


2+4ip 


e 


e 


l+2ip 


3+ip 


4+3ip 


5+5ip 


2+4ip 


l+2ip 


l+2ip 


e 


5+5ip 


2+4ip 


4+3ip 


3+ip 


3+ip 


3+ip 


4+ 3 ip 


e 


5+5ip 


2+4ip 


l+2i F 


4+3ip 


4+3ip 


3+ip 


2+4ip 


e 


1 +2ip 


5 +5 ip 


5+5ip 


5+5ip 


2+4ip 


l+2i F 


3+ip 


e 


4+3 i F 


2+4ip 


2+4ip 


5+5ip 


4+3 i F 


l+2ip 


3+ip 


e 



is again a subloop of order 6. We see subloops in general are of 
order six. Further we see that so in general the Lagrange 
theorem for finite groups is not true in case of these finite loops. 

Example 2.73: Let C(L 5 (4)) be a complex modulo integer loop 
of order 36. To find subloops in C(L 5 (4)). Consider 

H = (2 +2i F , i F + 3) c C(L 5 (4)). The table for H is as follows: 



* 


e 


2+2ip 


3+ip 


l+3ip 


4+5ip 


5+4ip 


e 


e 


2+2ip 


3+ip 


l+3ip 


4+5ip 


5+4ip 


2+2ip 


2+2ip 


e 


1+3 i F 


3+ip 


5+4ip 


4+5 ip 


3+ip 


3+ip 


4+ 5 ip 


e 


5+4ip 


2+2ip 


1+3 ip 


l+3ip 


l+3ip 


5+4ip 


4+5 i F 


e 


3+ip 


2+2ip 


4+5ip 


4+5ip 


l+3ip 


5+4i F 


2+2ip 


e 


3+ip 


5+4ip 


5+4ip 


3+ip 


2+2ip 


4+5i F 


l+3ip 


e 
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H is a subloop of order 6. K = <1 +2i F , 2+i F ) c C(L 5 (4)). 
The table for K is as follows: 



* 


e 


l+2i F 


2+ip 


5+3ip 


3+5ip 


4+4i F 


e 


e 


l+2ip 


2+ip 


5+3i F 


3+5i F 


4+4ip 


l+2i F 


l+2ip 


e 


5+3i F 


2+ip 


4+4ip 


3+5i F 


2+ip 


2+ip 


3 +5 ip 


e 


4+4ip 


l+2ip 


5+3ip 


5+3i F 


5+3i F 


4+4i F 


3+5ip 


e 


2+ip 


l+2ip 


3+5i F 


3+5ip 


5+3i F 


4+4ip 


l+2ip 


e 


2+ip 


4+4-ip 


4+4ip 


2+ip 


l+2ip 


3+5ip 


5+3i F 


e 



Clearly K is a subloop of order 6. Consider the subloop 
generated by P = <{ 1 + 3i F , 2+4i F , 2i F +1, 3+2i F }) c C(L 5 (4)). 

Consider the subloop generated by 

M = { (2+i F , l+3i F , 4+2i F ) } c C(L S (4)). We see 

M = {e, 2+i F , l+3i F , 4+2i F , 3+4i F , 5+5i F } c C(Ls(4)) is a 
subloop of C(L 5 (4)). 

T = {e, 2+3i F , l+4i F , 4+3i F , 5+2i F , 3+2i F , 5+3i F , 4+4i F , 2+i F , 
2+4i F , 4+2i F , l+5i F , 3+4i F , 3+i F , 4+i F , 4+5i F , 3+3i F , 5+5i F , 5+i F , 
2+2i F , 1+ip, l+2i F , 3+5ip, l+3i F , 2+5i F , 5+4i F } ci C(L5(4)); is a 
subloop of C(L 5 (4)). 

Example 2.74: Let C(L 7 (3)) be a complex modulo integer loop. 
Clearly order of C(L 7 (3)) is 64. Take 

M = {(2+5i F , 3+2i F )} c C(L 7 (3)); to calculate M. 

M = {e, 2+5i F , 3+2i F , 7+4i F , 5+3i F , 6+7i F , l+i F , 2+6i F , 2+3i F , 
6+i F , 6+5i F , l+5i F , 7+5 i F , 3 +7 i F , 5+6i F , 7+2i F , 7+7i F , 5+5i F , 
6+6i F , 3+3i F , 2+i F , 5+4i F , 4+6i F , 3+5i F , l+4i F , ...} — C(L 7 (3)) is 
a subloop of order 50 in C(L 7 (3)). 

Example 2.75: Let C (L 15 (2)) be a complex modulo integer 
loop of order (225+1) + 30 = 256. Consider 
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H = {(2 +4i F , 1 +7 i F ) } c L 15 (2). The subloop generated by 
H is as follows: 

H = {e, 2+4ip, l+7ip, 15+1 0i F , 3+i F , 4+13i F , 5+7i F , 14+i F , 
8+10ip, 12+7ip, 7+10ip, ...} c C(Li 5 (2)) is a subloop of 
C(L 15 (2)). 

Likewise one can construct subloops of a loop. 

We can also study special identities in these loops. 

We will call a complex modulo integer loop to be a 
Smarandache complex modulo integer loop if C(L n (m)) has a 
proper subset which is a group. All loops C(L n (m)) are 
Smarandache complex modulo integer loop as H = {e, x} for 
every x e C(L„(m) \ {e}) is a group. 

We can define the notion of Smarandache cosets in complex 
modulo integer loops when the loops are S-loops. 

For instance take the complex modulo integer loop 
C(L 5 (2)). We know A = {e, 1} is a subgroup of the S-loop 
C(L 5 (2)). 

The right coset of A is 

A ol = {e, 1}, A o 3 = {3, 5}, A o 4 = {4, 2}, A o 2 = {2, 
3}, A o 5 = {5, 4}, A o i F = {i F , 2i F + 4 } , A o 2i F = { 2i F , 4i F + 
4}, A o 3ip = { 3ip, i F +4}, A o 4i F = {4i F , 3i F +4}, A o 5i F = {5i F , 
5 i F + 4}, Ao 1 + ip = {ip + 1, 2i F + 1}, A o 1 +2ip = { l+2ip, 

1 +4ip } , Ao l+3ip = { l+3ip , l+i F }, Ao l+4i F = {l+4i F , l+3ip}, 
A o l+5ip = { 1 + 5ip , 5+5ip } and so on. 

Similarly one can find the left coset of A, 1 o A = {e, 1}, 

2 o A = {5, 2}, 3 o A = {3, 4}, 4 o A = {4, 3}, 5 o A = {5, 2}, 
i F o A = (i F , 2+4ip }, 3i F o A = { 3i F , 2+2i F } and so on. 

Clearly as in case of usual loops we cannot define partition 
on them. 
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Example 2. 76: Let C(L 7 (4)) be a commutative complex modulo 
integer loop of order 7 2 + 1 + 14 = 7+2.7 + 1 = (7+l) 2 = 64. 

A = {e, 5} c C(L 7 (4)) be the group of C(L 7 (4)). 

1 o A = { 1, 3}, 2 o A = {2, 7} and so on. 7 o A = {6, 7}. 

Example 2.77: Let C(L</8)) be a modulo complex integers. 

Take B = {e, 1, 4, 7} c C(L 9 (8)) be a subgroup of C(L 9 (8)). 

The S -coset of B is as follows: 

B o 2 = {e, 9, 6, 3}, ..., B o 9 = {9, 2, 8, 5}, We say 
C(L n (m)) be a S-loop of level II if L has a normal subgroup, 
A c C(L n (m)); A is a subgroup if for all m e C(L n (m)); we have 
mA = Am. 

The reader is expected to give examples of such normal 
subgroups. Interested reader can analyse about the first 
normalizer and second normalizer of the subloops of the 
complex modulo integer loop C(L n (m)); n odd, n > 3. m < n 
with (m, n) = (m, n - 1) = 1. In general the first normalizer 
need not be equal to the second normalizer equal for every 
subloop of C(L n (m)). It is easily verified that C(L n (m)) is a 
Smarandache strong cyclic loop. The notion of Smarandache 
commutator subloop of a complex modulo integer loop is a 
matter of routine with appropriate changes. 

We see L n (m) are loops of order n+1 where as the complex 
modulo integer loops C(L n (m)) are of order (n+1) 2 . Both are of 
even order as n is odd. Infact 2 / n+1 and 2 2 / (n+1) 2 . 

C(L n (m)) has L n (m) as its subloop so C(L n (m)) always 
contains subloops which are S-subloops. So we can say 
C(L n (m)) has subloops P, such that 

A (P) = L n (m) = L^ (m) ...I 

where P = L n (m) c C(L n (m)). 
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Also if i F L n (m) = {e, i F , i F n, *, (m, n) = (n-1, m) = 1} 
then also 

A (i F L n (m)) = i F (m) = i F .L n (m) ... II 

So infact C(L n (m)) has S-subloops L n (m) and i F L n (m) such 
that I and II true respectively. 

I and II are true only when L n (m) and i F L n (m) has no S- 
subloops. Otherwise I and I are not true. 

Further C(L n (m)) for n a prime has atleast two subloops 
which are not S-associative complex modulo integer subloops 
of C(L n (m)). Several other results enjoyed by the loops L n (m) 
can be easily extended in case of complex modulo integer loops 
with appropriate modifications. 
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Chapter Three 



NON ASSOCIATIVE COMPLEX MODULO 
INTEGER RINGS 



In this chapter we proceed onto introduce the new notion of 
non associative complex modulo integer rings using the non 
associative complex modulo integer structures like groupoids 
and loops or using complex modulo integer ring and usual 
groupoids or loops. This chapter has two sections. The first 
section deals with groupoids and loops over the complex 
modulo integer rings and complex rings. Second section deals 
with complex modulo integer groupoids (loops) over the 
complex ring or otherwise. 

3.1 Groupoids and Loops over the Complex Modulo Integer 
Rings (Complex Rings). 

In this section we use the groupoids (and loops) to construct 
non associative ring using the complex modulo ring C(Z n ) or the 
usual complex numbers C(Z) or C(Q) or C(R) = C. The 
notational convention has been already discussed in chapter one. 

DEFINITION 3.1.1: Let G be any groupoid. F = C(Z„) (or C(Z)) 
be the complex modulo integer ring or field. 
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FG = 



n < °°, cii e C(Z n ) or C(Z); g, e G} is the set 



n 

Yj a igi 

i=l 

of finite formal sums where addition and product are defined 
componentwise which is as follows: 



Forx= '^ j a j g j andy = Yj b iSi m FG 



we have 



x + y 



n n 

= Yj a iSi + YfiiSi 

i=l i=l 



n 

= +b i tei 

i=l 





( 


\ 


f 


\ 


and x.y = 




2>A 






y 


V J 


J 



= Tj c kPk- c k = Za,bj 

k 

and pk = gi hj. 

It is easily verified that ‘+ ’ on FG is a commutative group. 
Further X is verified to be a non associative closed binary 
operation of FG. One can easily verify that product distributes 
over addition. Further (FG, +, x) is a non associative ring 
which may be commutative or otherwise depending on G. 

FG is defined as the complex modulo integer groupoid ring. 
When F is used as C(R) = C the complex ring of reals, that is 

C = {a + bi I a, b e R} and C(Q) = {a + bi I a, b e Q} and 

C(Z) = (a + hi I a, b e Zj are all complex commutative 
rings with unit 1. The groupoid rings are in general non 
commutative non associative ring with unit or otherwise. 
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We will first give some examples of them before we 
proceed to discuss about the properties enjoyed by them. 

Example 3.1.1: Let G = {Z 5 , *, (2, 3)} be a groupoid of order 
five. C(Z) = {a + bi I a, b e Z} be the complex integers. C(Z)G 
be the groupoid complex ring. 

Clearly C(Z)G is of infinite order and is a non commutative 
and a non associative ring. 

We will illustrate this situation by some more examples. 

Example 3.1.2: Let G = {Z 9 , *, (3, 2)} be the groupoid. C(Z) = 
{a + bi I a, b e Z} be the complex integer ring. C(Z)G is the 
complex integer groupoid ring. 

We see C(Z)G is non associative and non commutative. 

Example 3.1.3: Let G = {Zi 7 , *, (8, 9)} be the groupoid. C(Q) 
= {a + bi I a, b e Q} be the complex integer ring. C(Q)G is the 
groupoid complex rational ring. 

We see C(Q)G is a non associative ring. 

Example 3.1.4: Let G = {Z n , *, (0, 7)} be the groupoid. 

C(Z) = {a + bi I a, b e Z} be the complex integer ring. 
C(Z)G is the groupoid complex integer ring of the groupoid G 
over the complex integer ring C(Z). 

Example 3.1.5: Let G = { Z i6 , *, (3, 7)} be the groupoid. C be 
the complex field. CG is the groupoid complex ring. 

Example 3.1.6: Let G = {Z I8 , *, (11, 3)} be the groupoid of 
order 18. C(Zn) be the complex modulo integer ring. C(Zn)G 
is the groupoid complex modulo integer ring of finite order. 

We just show how product is defined in C (Zn)G. 
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Suppose a = 3g 0 + 5g 7 + 8g 5 + g 3 and 
P = 4gi + 5g 3 + 9g 8 + g 9 (where g 0 , g 7 , gi, g 9 , g 3 , gs, gs e Z 17 
with g n = n e Zi 7 ; so g 7 = 7 (mod 17) and so on) are in C(Z,i)G; 
to find 

a + p = (3g ( > + 5g 7 + 8g 5 + g 3 ) + (4gi + 5g 3 + 9g» + g 9 ) 

= 3go + 4gi + (l+5)g 3 + 9g8 + 5g7 + 8g5 + g 9 
= 3go + 4gi + 6g 3 + 9gs + 5g 7 + 8g5 + g 9 . 

Clearly a+pe C (Z n )G 

Now we find aP = a x p = (3g 0 + 5g 7 +8gs + g 3 ) x (4gi + 
5g 3 + 9g s + g 9 ) = 3.4 (go * gi) + 3.5 (g 0 * g 3 ) + 3.9 (g 0 * g 8 ) + 3. 1 
(go * g 9 ) + 5.4 (g 7 * gO + 5.5 (g 7 * g 3 ) + 5.9 (g 7 * g 8 ) + 5.1 (g 7 * 
g 9 ) + 8.4 (g 5 * gi) + 8.5 (gs * g 3 ) + 8.9 (g 5 * g 8 ) + 8.1 (g 5 * g 9 ) + 
1.4 (g 3 * gi) + 1.5 (g 3 * g 3 ) + 1.9 (g 3 * g 8 ) + 1.1 (g 3 * g 9 ) 

= 12g 3 + 4g 9 + 5g6 + 3g 9 + 9g8 + 3gu + gn + 5gi4 + 10g4 

+ 7gio + 6g 7 + 8gio + 4go + 5g s + 9g 3 + g6 
= 10g 3 + 7g 9 + 6g6 + 3g8 + 8g i4 + gn + 10g4 + 4gio + 6g 7 

+ 4g 0 e C (Z n ) G. 

Consider pa = (4g! + 5g 3 + 9g 8 + g 4 ) (3g 0 + 5g 7 + 8g 5 + g 3 ) 

= gi * go + 9gi * g 7 + 10gi * g 5 + 4g! * g 3 + 4g 3 * go + 3g 3 
* g? + 7g 3 * g 5 + 5g 3 * g 3 + 5g 8 * go + g 8 * g 7 + 6g 8 * g 5 
+ 9g 8 * g 3 + 3g 4 * go + 5g 4 * g 7 + 8g 4 * g 5 + g 4 * g 3 . 

= gn + 9gi 4 + 10g 8 + 4g 2 + 4gi5 + 3 go + 7gn + 5g 6 + 5g i6 
+ gi + 6g 3 + 9g 7 + 3g8 + 5gn + 8g5 + gi 7 
= 6gn + 9g w + 2g 8 + 4g 2 + 4g 15 + 3g 0 + 7g 2 + 5g 6 + 5g 16 + 
gi + 6g 3 + 9g 7 + 8gs + gi 7 . 



We see clearly ap + pa. 

Thus C(Zn)G is a non commutative groupoid ring of 
infinite order. 

Clearly G c C(Z„) G but C(Z n ) £ C (Zn)G. 

Example 3.1.7: Let G = {Z6, *, (0, 3)} be the groupoid and 
C(Q) = { a + hi I a, h e Q} be the ring of complex rationals. 
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C(Q)G be the groupoid ring clearly C(Q)G is a non associative 
ring of infinite order. 

The table for G is as follows: 



0 


go 


gl 


g2 


g3 


g4 


gs 


go 


0 


g3 


0 


g3 


0 


g3 


gi 


0 


g3 


0 


g3 


0 


g3 


g2 


0 


g3 


0 


g3 


0 


g3 


g3 


0 


g3 


0 


g3 


0 


g3 


g4 


0 


g3 


0 


g3 


0 


g3 


g5 


0 


g3 


0 


g3 


0 


g3 



Thus C(Q)G has zero divisors. 

For if a = gi + g 2 + g 4 e C(Q)G then a 2 = 0. If ai = g 3 then 
a, 2 = g 3 so ai is an idempotent of C(Q)G. 

Example 3.1.8: Let G = {Z 8 , *, (3, 2)} be a groupoid. F = C(Z) 
be the ring of complex integers. FG the groupoid ring. 

We see for a = (g 0 + g 2 + g 4 + ge) and 
P = (go - g 2 + g 4 - g 6 ); dp = 0. 
where a, p e FG. 

Further g 2 o g 2 = g 2 is also an idempotent in FG. Likewise 
g 4 o g 4 = g 4 and g 6 o g 6 = g6 are also idempotents of FG. 

Example 3.1.9: Let G = {Z 4 , (3, 1), *) be a groupoid given by 
the following table. 



* 


go 


gl 


g2 


g3 


Go 


go 


gl 


g2 


g3 


G, 


g3 


go 


gl 


g2 


g 2 


g2 


g3 


go 


gl 


g 3 


gl 


g2 


g3 


go 



Let F = C(Q) = { a + bi I a, b e Q } be the complex rational 
ring. FG be the groupoid ring of G over F. Clearly 



49 



a = 1/4 (go + gi + g 2 + g 3 ) in FG is such that a 2 = a that is 
this non associative ring has idempotents. 

We just illustrate how the notion of groupoids using Z n is 
represented symbolically. 

Let Z n = {0, 1, 2, n-1} = (g 0 , gi, g n -i} and t, p e Z n . 

Now for g, gj e Z m 0 < i, j < n. g, * g, = tg, * pgj = g ti+p j (mod n) ; 
thus (Z n , (t, p), *} is a groupoid; this will be the notation we 
will be using to make working with modulo integer groupoids in 
an abstract way. 

Example 3.1.10: Let G = {Z 7 , *, (3, 4)} be a groupoid given by 
the following table. 



* 


go 


gl 


g2 


g3 


g4 


g5 


go 


go 


go 


g4 


gl 


g5 


g2 


g6 


g3 


gl 


g3 


go 


g4 


gl 


g5 


g2 


go 


g2 


g6 


g3 


go 


g4 


gl 


g5 


g2 


g3 


g2 


g6 


g3 


go 


g4 


gl 


gs 


g4 


g5 


g2 


go 


g3 


go 


g4 


gl 


g5 


gl 


g5 


g2 


g6 


g3 


go 


g4 


g6 


g4 


gl 


g5 


g2 


go 


g3 


go 



We take F = C(Q) the complex rational field. FG is the 
groupoid complex non associative ring. Infact 

a = 1/7 (go + gi + . . . + g 6 ) e FG is an idempotent of FG. If 
C(Q) is replaced by C(Z) then C(Z) has no idempotents. 

Example 3.1.11: Let G = {Z 6 , *, (2, 4) be a groupoid given by 
the following table. 



0 


go 


gl 


g2 


g3 


g4 


g5 


go 


go 


g4 


g2 


go 


g4 


g2 


gi 


g2 


go 


g4 


g2 


go 


g4 


g2 


g4 


g2 


go 


g4 


g2 


go 


g3 


go 


g4 


g2 


go 


g4 


g2 


g4 


g2 


go 


g4 


g2 


go 


g4 


g5 


g4 


g2 


go 


g4 


g2 


go 
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Let F = C(Q) = { a + bi I a, b e Q } be the complex rational 
ring. FG be the groupoid ring. 

a = (go + gi + g 2 + g 3 + g 4 + gs) in FG is such that a 2 * a. If 
we take [3 = 1/3 (go + g 2 + g 4 ) in FG then [3 2 = (3, thus (3 is an 
idempotent in FG. 

Example 3.1.12 : Let G = {Z 8 , *, (0, 4)} be a groupoid C(Q)G 
be the complex integer ring C(Q)G be the groupoid ring of G 
over the ring C(G). Clearly a = 1/2 (l+g 4 ) is such that 

a 2 = 1/4 (l+g 4 * g 4 + 2g 4 ) = 1/4 (1 + go + 2g 4 ) is not an 
idempotent. 

However at this juncture it is pertinent to mention that we 
identify g 0 with 0 so that 0 is the element in C(Q)G such that 
(a + bi) 0 = 0 for every a, b e Q however g, . 0 = g, . g 0 ^ 0 in 
general. Infact this groupoid table has only zero and four. 

Example 3.1.13: Let G = {Z, 2 , *, (3, 4)} be a groupoid and F = 
C(Z) be the complex integer ring FG is a groupoid complex ring 
with zero divisors. 

THEOREM 3 . 1 . 1 : Let G be a groupoid F = C(Z) be the complex 
integer ring (F = C(Q) or C can also be taken). FG the 
groupoid complex ring. H be a normal subgroupoid of G. FH 
the subgroupoid ring is a subring of FG and is an ideal of FG. 

Proof is direct from the very definition of normal 
subgroupoid. 

THEOREM 3 . 1 . 2 : Let G be a groupoid F = C(Z) (or F = C(Q) 
or F = C = C(R) be the complex ring; FG be the groupoid ring. 
In general {0} is not an ideal of FG. 

Proof is clear from the following examples. 
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Example 3.1.14: Let G = {Z 15 , *, (7, 6)} be a groupoid. F = 
C(Z) be the complex ring. FG be the groupoid ring; {0} is not 
an ideal of FG. 

Example 3.1.15: Let G = { Z n , *, (3, 4)} be the groupoid. F = 
C(Q) be the rational complex ring. FG be the groupoid ring. 
{0} is not an ideal of FG. 

Example 3.1.16: Let G = {Z 36 , *, (7, 19)} be a groupoid. F = 
C(Z) be the complex integer ring. FG is be the groupoid 
complex ring. {0} is not an ideal of FG. 

Theorem 3.1.3: Let 

G = {Z n , *, (t, u); t, u e Z„ \ {0, 1}; (t, u ) = 1} be the 
groupoid F = C (Z) (or C (Q) or C) be the complex ring, FG be 
the groupoid complex ring. (0} is not an ideal of FG. 

Proof follows from the fact {0} is not an ideal of G if G is 
of the form given in theorem. 

Example 3.1.17: Let G = {Z 4 , *, (2, 3)} be the groupoid. F = 
C(Z) = {a + bi I a, b e Z} be the complex integer ring. FG be 
the groupoid ring. P = { g 0 , g 2 } c G; FP is a left ideal of FG. 
Clearly FP is not a right ideal of FG. 

Likewise for T = {gi, g 2 } c G; FT is only a left ideal of FG 
and FT is not a right ideal of FG. 

Example 3.1.18: Let G' = {Z 4 , (3, 2), *) be a groupoid. F = 
C(Z) = {a + bi I a, b e Z} be the complex integer ring. 

P = {go, g 2 } c G' is such that FP is the right ideal of FG'; 
where FG' is the groupoid complex ring of the groupoid G' over 
the integer complex ring F. Also H = {gi, g 3 } c C/, is such that 
FH is a right ideal of FG' and both FP and FH are not left ideals 
of FG'. 

Inview of this we have the following theorem, the proof of 
which is uses simple number theoretic techniques. 



52 



THEOREM 3.1.4: Let G = (Z„, * (t, u)j be the groupoid, F = 
C(Z) (or C(Q) or C(R) = C) be the complex ring of integers (or 
complex ring of rationals or complex ring of real). FG the 
groupoid complex ring. P is a left ideal of FG if and only if P is 
the right ideal of FG' where G'= (Z n , * (u, t)}. 

Here we give conditions for the groupoid ring FG with G = 
{Z n , *, (t, u)} to have left or right ideals. 

We show this by an examples. 

Example 3.1.19: Let G = [Z l0 , *, (3, 7)} be a groupoid. F = 
C(Q) be the rational complex ring. FG the groupoid ring of G 
over F. FG has no left ideals or right ideals in it. 

When the groupoid ring has no ideals (left or right) we call 
them as simple rings. 

Example 3.1.20: Let G = {Z 15 , *, (2, 13)} be the groupoid, F = 
C = C(R) be the complex ring. FG be the groupoid ring of G 
over F. FG is simple. 

THEOREM 3.1.5: Let G = {Z n , * (t, u)} be a groupoid F = C 
be the complex field of reals FG be the groupoid ring. Ift + u 
= n where both t and u are primes then FG is simple. 

THEOREM 3.1.6: Let G = (Z p , * (t, u)J, p a prime , be a 
groupoid, F = C be the complex field of reals. 

FG the groupoid ring; 

ift + u=p and (t, u) = 1 then FG is simple. 

Example 3.1.21: Let G = {Z 13 , *, (6, 7)} be a groupoid, C be 
the complex field CG is a simple groupoid complex ring. 

Example 3.1.22: Let G = {Zn, *, (9, 6)} be a groupoid, F = C 
be the complex field. FG be the groupoid complex ring. FG in 
general is not simple as (9, 6) ^ 1. 
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Example 3.1.23: Let G = { Z n , *, (7, 5)} be a groupoid C(Q) = 
F, be the rational complex ring. FG be the groupoid ring, FG is 
not a simple non associative ring. 

We can define a Smarandache non associative ring to be a 
non associative ring which has a proper subset which is an 
associative ring. 

We first give examples of this situation. 

Example 3.1.24: Let G = {Z 6 , *, (4, 5)} be a groupoid. F = 
C(Q) be the groupoid ring of G over F. FG is a Smarandache 
ring. P = { 1, 3, 5} c Z 6 is such that FS where S = {P, *, (4, 5)} 
is a subring of FG. 

Example 3.1.25: Let G = {Z 8 , *, (2, 8)} be a groupoid. F = 
C(Z) be the complex integer ring. FG the groupoid ring. Take 
FT (where T = {0, 2, 4, 6„ *, (2, 8)}) is a proper subset of FG 
and infact FT is the ideal of FS. 

This is obvious from the fact that T is a normal subgroupoid 
of G. 

In view of this we have the following theorem. 

THEOREM 3.1.7: Let G = {Z,„ * (t, p)} be a groupoid. F = 
C(Z) (or C(Q) or C) be the complex ring. FG the groupoid 
complex ring. FG has an ideal if G has a normal subgroupoid. 

The proof is direct and hence left as an exercise to the 
reader. As in case of groupoids we can for groupoid ring of 
complex numbers define the notion of Moufang groupoid ring, 
Bol groupoid ring and so on. 

Example 3.1.26: Let G = {Z 12 , *, (3, 9)} be a groupoid. 

F = C(Z) = (a + hi I a, b e Z} be the ring of complex integers, 
FG be the groupoid ring. 

FG is a Smarandache Moufang groupoid ring as G is a S- 
Moufang groupoid. 



54 



Thus we will say a groupoid ring FG is a Smarandache 
Moufang groupoid ring if the groupoid G is a Smarandache 
Moufang groupoid. Likewise FG is a Smarandache strong 
Moufang groupoid ring if G is a Smarandache strong Moufang 
groupoid. 

Example 3.1.27: Let G = {Zi 0 , *, (5, 6)} be a groupoid. 

F = C(Q) = {a + ib I a, b e Q} be the complex rational ring. 
FG be the groupoid ring. FG is a Smarandache strong Moufang 
groupoid ring as G is a Smarandache strong Moufang groupoid. 

We have seen examples of Smarandache strong Moufang 
groupoid ring and Smarandache Moufang groupoid ring. 
However we wish to state only subrings in FG which are of the 
form FH where H is the subgroupoid of G are taken as 
Smarandache rings while defining special identities in these 
rings. For we can have subrings which may not satisfy the 
Moufang identity. So based on the property of the groupoid 
only we define the Smarandache special identities. 

THEOREM 3.1.8: Let G = {Z n , *, (t, u)j be a groupoid. 

F = C(Z) = {a + bi I a, b e Z} (or C(Q) or C(R) = C} be the 
complex ring. FG be the groupoid complex ring. 

If (x * y) * (z * x) = (x* (y*z)) * x is true for all x, y, z e G 
and G is a Smarandache groupoid, then FG is a Smarandache 
strong Moufang groupoid complex ring. 

The proof is obvious from the fact that every S-subring will 
satisfy the Moufang identity, hence the claim of the theorem. 

THEOREM 3.1.9: Let FG be a groupoid complex ring if G is a 
Smarandache strong Moufang groupoid ring then FG is a 
Smarandache moufang groupoid ring, however a Smarandache 
Moufang groupoid ring in general is not a Smarandache strong 
Moufang groupoid ring. 

We see the groupoid complex ring FG where 
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G = { Z i2 , *, (3, 9)} given in example 3.1.26 is only a 
Smarandache Moufang groupoid ring and is not a Smarandache 
strong Moufang groupoid ring. 

A similar situation is true in case of Smarandache strong 
Bol groupoid ring. 

This is exhibited by the following examples. 

Example 3.1.28: Let G = {Z l2 , *, (3, 4)} be a groupoid, F = 
C(Z) be the complex integer ring. FG be the complex groupoid 
integer ring. For every x, y, z e FG. We see 

((x * y) * z)* y = 3x + 4y and x * [(y * z) * y] = 3x + 4y so 
((x * y) * z)* y = x * [(y * z) * y]. Thus FG is a 
Smaradache strong Bol groupoid ring. 

Example 3.1.29: Let G = {Z 4 , *, (2, 3)} be a groupoid. 

F = {C(Q) = a + bi I a, b e Q} be the complex rational ring. 
FG the groupoid complex rational ring. 

We see A = {0, 2} cZ 4 , FA is a complex groupoid subring 
in FG. However in general for x, y, z e FG; 

((x * y) * z) * y = 2z + 3y and 
x * [(y * z) * y] = 2x + 2z + y. Since 
2z + 3y ^ 2x + 2z + y for all choices of x, y, z e FG. So FG 
is not a Smarandache strong Bol groupoid ring but only a 
Smarandache Bol groupoid ring. 

Thus we have the following theorem. 

THEOREM 3.1.10: Let G = {Z n , *, (t, u)} be a groupoid. F = 
C(Z) (or C(Q) or R) be a complex ring. FG the groupoid 
complex ring. If FG is a Smarandache strong Bol groupoid 
ring then FG is a Smarandache Bol groupoid ring. However if 
FG is a Smarandache Bol groupoid ring then FG in general is 
not a Smarandache strong Bol groupoid ring. 

We give examples of Smarandache P-groupoid rings. 
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Example 3.1.30: Let G = {Z 6 , *, (4, 3)} be a groupoid. 

F = C(Z) = {a + ib I a, b e Z} be a complex integer ring. FG be 
the groupoid complex integer ring. For every x, y in FG. 

(x * y) * x = (4x + 3y) * x 
= 16x + 12y + 5x 
= x. 

Also x * (y * x) = x * [4y + 3x] 

= 4x + 12y + 9x 
= x. 

We see (x * y) * x = x * (y * x) so FG is a Smarandache 
strong P-groupoid complex ring. 

Example 3.1.31: Let G = {Z 4 , *, (2, 3)} be a groupoid. 

F = C(Q) = {a + bi I a, b e Q} be a complex rational ring. 
FG be the groupoid complex rational ring. 

For every x,ye FG we see 
(x * y) * x = [2x + 3y] * x 
= 4x + 6y + 3x 
= 2y + 3x. 

x * (y * x) = x * [2y + 3x] 

= 2x + 6y + 9x 
= 3x + 2y. 

Since (x * y) * x = x * (y * x) for all x, y e FG is a 
Smarandache strong groupoid complex P-ring. 

Recall we say a non associative R to be a P-ring if 
x * (y*x) = (x*y)*x for all x, y e R. 

Now we give an example of a Smarandache P-groupoid ring 
or a Smarandache groupoid P-ring which is not a Smarandache 
P-ring. 

Example 3.1.32: Let G = {Z 6 , *, (3, 5)} be a groupoid. 

F = C(Z) = {a + ib I a, b e Z} be a complex integer ring. 
FG be the groupoid complex integer ring. Clearly FG is only a 
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Smarandache P-groupoid ring as all elements in FG do not 
satisfy the P-groupoid identity. 

Example 3.1.33: Let G = {Z l2 , *, (5, 10)} be a groupoid. 

F = C(Q) = (a + ib I a, b e Q} be the complex rational ring. 
FG be the groupoid complex ring. Consider x,ye FG; we see 

(x * y) * x = [5x + lOy] * x 
= 25x + 50y + lOx 
= llx + 2x and 

x * (y * x) = x * [5y + lOx] 

= 5x + 50y + lOOx 
= 9x + 2y. 

Thus in general 

(x * y) * x ^ x * (y * x) as 1 lx + 2y ^ 9x + 2y for all x,ye 
FG. 



But if x, y € FH where H = {{0, 6}, *, (5, 10)} <z G then 
FH satisfies the P-identity. Thus FG is only a Smarandache 
complex P-groupoid and not a Smarandache strong P-ring. 

We see a non associative ring R is right alternative if 
(xy) y = x (yy) for all x, y e R. 

Similarly left alternative if (xx)y = x (xy). R is said to be 
alternative ring if it is both right alternative and left alternative. 

If the groupoid is alternative so will be the groupoid 
complex ring likewise for right alternative and left alternative 
identity; we provide examples of them. 

Example 3.1.34: Let G = { Z i4 , *, (7, 8)} be a groupoid. 

C = (a + ib I a, b e R} be the complex ring CG be the 
groupoid complex ring. 

We see G is a Smarandache strong alternative groupoid, 
hence CG is a Smarandache strong alternative ring. 
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Example 3.1.35: Let G = {Z l2 , *, (1, 6)} be a groupoid. 

F = C(Z) = {a + ib I a, b e Z} be a complex integer ring, FG 
be the groupoid ring. FG is a Smarandache strong alternative 
groupoid ring as G is a Smarandache strong alternative 
groupoid. 

Recall a non associative ring is a Smarandache ring if it has 
a subring which is associative. 

We show by the following theorem we have a class of 
groupoid complex rings which are Smarandache rings. 

THEOREM 3 . 1 . 11 : Let G = {Z n , * (t, u)} be a groupoid (n > 

5); F = C(Z) (or C(Q) or C(R) = C) be a complex ring. FG is a 
Smarandache ring if (t, u) = 1 and t ^ u with t + u = 1 ( mod n ). 

All groupoid rings are not in general Smarandache. The 
following examples substantiate them. 

Example 3.1.36: Let G = {Z 5 , *, (1, 3)} be a groupoid. F = 
C(G) be the complex integer ring. FG be the groupoid complex 
ring. FG is not a Smarandache ring. 

Example 3.1.37: Let G = {Z 5 , *, (2, 1)} be a groupoid. F = 
C(Q) = {a + bi I a, b e Q} be a complex rational ring. FG be 
the groupoid ring. FG is a Smarandache ring. 

Example 3.1.38: Let G = {Z 9 , *, (5, 3)} be a groupoid. F = C 
be the complex field. FG the groupoid complex ring. FG is not 
a Smarandache ring. 

THEOREM 3 . 1 . 12 : Let G = (Z n , * ( 1, p), P a prime, p/n} be a 
groupoid F = C(Z) (or C(Q) or R) be the complex ring FG the 
groupoid complex ring. FG is a Smarandache ring. 

The proof easily follows from the fact G is a S-groupoid. 

THEOREM 3 . 1 . 13 : Let G = {Z m * t + u =1 mod n, (t, u)} be a 
groupoid. F = C(Z) (or C(Q) or Cj be the complex integer ring. 
FG the groupoid complex ring. FG is a Smarandache groupoid 
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P-ring (Smarandache P-groupoid ring) if and only if t 2 = t 
( mod n) and u = u ( mod n). 

The proof is straight forward and hence left as an exercise 
to the reader. 

THEOREM 3.1.14: Let G = {Z n , * (t, u); t + u = 1 (mod n)j be 
a groupoid. F = C (Z) (or C (Q) or C) be the complex ring. FG 
be the groupoid ring. FG is a Smarandache alternative ring if 
and only iff =t (mod n) and if =u (mod n). 

This proof is simple for one can easily show 
(x * y) * y = (x) * (y * y) and (x * x) * y = x * (x * y) for all 
x,ye FG. 

Theorem 3.1.15: Let 

G = (Z n , * ( in, m); m + m = 1 (mod n) and m 2 = in (mod n)J 
be a groupoid. F = C (Z) (or C (Q) or C) be the complex ring. 
FG be the groupoid complex ring. 

( i ) FG is a Smarandache strong P-groupoid ring 
(groupoid P-ring). 

(ii) FG is a Smarandache strong Bol groupoid ring 
(groupoid Bol ring). 

(iii) FG is a Smarandache strong Moufang groupoid 
ring (groupoid Moufang ring). 

(iv) FG is a Smarandache strong alternative groupoid 
ring (groupoid alternative ring). 

The proof is direct exploiting only number theoretic 
techniques. 

Example 3.1.39: Let G = {Z 2n , *, (2, 0)} be a groupoid. F = 
C(Z) (or C(Q) or R) be the complex ring. FG is a Smarandache 
ring. 

In view of this we have a class of Smarandache rings. 

THEOREM 3.1.16: Let G = {Z 2 „, *, (0, 2)} be a groupoid and F 
= C(Z) (or C(Q) or C) be the complex ring. FG is a groupoid 
complex ring which is a S-ring. 
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Example 3.1.40: Let G = {Z 14 , *, (0, 7)} be a groupoid, F = 
C(Z) (or C(Q) or C) be the complex ring. FG be the groupoid 
ring, FG is a S-ring. 

Inview of this we have the following theorem. 

THEOREM 3.1.17: Let G = {Z2,n, *, (0, m) j be a groupoid,. F = 
C(Z) (or C(Q) or C) be the complex ring, FG the groupoid 
complex ring is a S-ring. 

Now we can define finite complex modulo integer non 
associative rings using groupoids and complex modulo integers 
C(Z n ) = (a + bi F I ip = n-1, a, b e Z n }. Let G = (Z m , *, (t, u)} 
be a groupoid C(Z n ) be the complex modulo integer 



C(Z n )G = 



Z a .g. 



t < oo, a; 



C(Z n ) and g, e G} is the 



groupoid complex modulo integer ring which is non associative 
and is of finite order. 

We will give examples of them and discuss their properties. 

Example 3.1.41: Let G = {Z3, *, (1, 2)} be a groupoid given by 
the following table. 



* 


go 


gl 


g2 


go 


go 


g2 


gl 


gl 


gl 


go 


g2 


g2 


g2 


gl 


go 



Let F = C(Z 2 ) = (0, 1, If, 1+1f} be the complex modulo 
integer ring of characteristic two. 

FG = {0, go, gi, g2, go + gl, go + g2, gl + g2, go + gl + g2, ipgo, 
Lgl, iFg2, L (go + gl), L (go + g2), L (gl + g2), L (go + gl + g2), go 
+ If gi, iFgo + gi, gi + If g 2 , Lgi + g 2 , Lgo + g 2 , go + ip g 2 , go + gi 
+ If g2, go + Lgi + g2, If go + gi + g2, go + i| gi + Lg2, Lgo + *1 gi + 
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g 2 , iFgO + gl + If g 2 (1 + If) go, (1+1 f) gl, 1 +ip g 2 , •••, (1+1f) (go + 
gi + go)} is the groupoid complex modulo integer ring. 

Consider 

(gO + gl + g2) = go +gi +gi + gO gl + gO g2 + gi g 2 + go gl + 

gl gO + g 2 gO = gO + gO + go + g 2 + gl + gl + g 2 + g 2 + gl = gO + gl 

+ g 2 is an idempotent in FG. 

Further FG is non commutative and non associative of finite 
order. 

a- 1 + go e FG, (1 + go) 2 = 1 + go is again an idempotent in 
FG. (1 + gi) 2 = 1+go is not an idempotent in FG. Further 
(1+go) 2 = 1+go is again not an idempotent of FG. 

Let a = 1 + i F go e FG, 

a 2 = (l+i F g 0 ) 2 = 1 + (iFgo) 2 = 1+go is not an idempotent in 
FG. 

Consider (1 + g! + go) = a in FG. 

a 2 = 1 + go + go + g 2 + gl = 1 + gl + g 2 is again an 
idempotent in FG. 

Let a = 1+gi and [3 = 1+go be in FG. 

ap = (1+gi) (l+g2) 

= 1 + gl + go + gl g 2 

= 1 + gl + g2 + g2 

= (1 + gi) is not a zero divisor. 

(1 + gi) g 2 = 0 is a zero divisors. 
g 2 (1+gi) + 0 is not a zero divisors. 

Consider 1 + g 2 = a and p = gi e FG. 

pa = (1+ go) =gi + gig 2 

= gi + g 2 * 0. 

Consider aP = (l+g 2 ) gi 
= gl + g2 gl 

= gl + gl = 0. 
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Thus a(3 = 0 is a zero divisor and pa ^ 0 so is not a zero 
divisor. 

These are only either left zero divisor or right zero divisor. 

Example 3.1.42: Let G = {Z 4 , *, (3, 1)} be the groupoid. 

F = C(Z 3 ) = {a + bi F I a, b e Z 3 , ip = 2} be the complex 
modulo integer ring. FG be the groupoid complex modulo 
integer ring. 

The table for G is as follows: 



0 


go 


gl 


g2 


g3 


go 


go 


gl 


g2 


g3 


gi 


g3 


go 


gl 


g2 


g2 


g2 


g3 


go 


gl 


g3 


gl 


g2 


g3 


go 



Consider a = 2g 0 + i F gi € FG; a 2 = (2g 0 + i F gi) 2 = go + 2g 0 

+ 2i F gi + 2i F g 3 = 3g 0 + 2i F gi + 2i F g 3 is in FG. 

a = go + g 2 + gi + g 3 e FG. 

OF = (go + g 2 + gi + g 3 C 

= go + go + go + go + gl + g 3 + g2 + g3 + gl + 

g2 + g2 + g3 + gl + gl + g2 + g3 = OC. 



Thus a is an idempotent element. 

Consider a = g 0 + i F gi + g 2 + i F g 3 and P = g 0 + i F g 2 in 
FG. 

OCp = (go + i F gi + g2 + i F g3) (go + i F g2) 

= go + i F g 3 + g 2 + i F gi + i F g 2 + 2gi + ipgo + 2g 3 is in FG. 

Let a = (l+ip)g 0 + (2+ip)gi be in FG. To find a 2 . 

OC" = ((1 + i F )go + (2+i F )gi)" 
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= (1+ipj 2 go + (2+ip) 2 go + Of+ 1) (2+i F )gi + 1+ip) (2+ip) g3 

= (l+2+2ip)g 0 + (4+2+2i F )go + (2+2)gi + (2+2)g3 
= If go + gi + g3 e FG. 



Let a = go + gi and (3 = g 2 + g 3 be in FG. 
a(3 = (go + gi) (g 2 + g 3 ) 

= g2 + gl + g3 + g2 = gl + g3- 



Consider a = go and (3 = gi + g 2 + g 3 in FG. 
a|3 = go (gi + g 2 + g 3 ) 

= gi + g 2 + g 3 e FG. 

Let (3 = go + 2 and a = gi + g 2 + g 3 then 
(3a = (go + 2) (gi + g 2 + g 3 ) 

= (gi + g2 + g 3 + 2gi + 2g 2 + 2g 3 

= 0. So (3a is a zero divisor. 

Consider a(3 = (gi + g 2 + g 3 ) (go + 2) 

= g3 + g2 + gl + 2gi + 2g2 + 2g 3 

= 0 . 

Thus a(3 = [3a = 0 is a zero divisor in FG. 

Let a = go + gi + g 2 + g 3 and 

(3 = go + gi + g 2 + g 3 + 2 be in FG. 
a(3 = (go + gl + g 2 + g3) (go + gl + g3 + g 2 + 2) 

= go + gl + g3 + g2 + 2go + g3 + go + gl + g 2 + 2gi 
+ g 2 + g3 + go + gi + 2g 2 + gi + g 2 + g 3 + go + 2g 3 = 0; 
thus a(3 is a zero divisor in FG. 

Now we proceed onto describe some more properties about 
groupoid complex modulo integer rings. We can define the 
concept of S-rings, subrings and ideals of groupoid complex 
modulo integer rings. 

Example 3.1.43: Let G = {Z i2 , *, (2, 10)} be the groupoid. 

F = C (Zn) = (a + bi F I a, b e Z n , ip = 11} be a ring of 
complex modulo integers. FG the groupoid ring. 



64 



H = {{0, 2, 4, 6, 8, 10} c Z 12t *, (2, 10)} cGbea 
subgroupoid of G. FH c FG is a groupoid subring of FG. 

Example 3.1.44: Let G = {Z l2 , *, (3, 9)} be a groupoid. 

F = C(Z 12 ) = {a + bi F I a, b e Z 12 , ip = 11} be a complex 
modulo integer ring. FG the groupoid ring. 

H = {{0, 3, 6, 9} c Z 12 , *, (3, 9)} c G; be a subgroupoid. 
FH be the groupoid subring. 

Example 3.1.45: Let G = {Z 12 , *, (10, 8)} be the groupoid. 

F = {a + i F bl a, h e Z 9 , ip =8} be the complex modulo 
integer ring. FG be the groupoid ring. 

K = {{0, 4, 8} c Z| 2 , *, (10, 8)} c G be the subgroupoid 
of G. 

FK c FG is a groupoid subring of FG. Let 
H = {{2, 6, 10} cz Z 12 , (10, 8)} c G be the subgroupoid of 
G. FH c FG; FH is a groupoid subring of FG. 

We see number of elements of FH and FK are equal. 

Example 3.1.46: Let G = {Z4, *, (2, 3)} be a groupoid. 

F = C(Z 5 ) = (a + bi F I a, b e Z5, ip = 4} be the modulo 
integer complex ring. FG be the groupoid ring. Take 

H = {{1, 3} c Z 4 , *, (2, 3)} c G be the subgroupoid of G. 
FH be the groupoid ring. FH is a groupoid subring of FG. 
Further FH is a left ideal of FG. Clearly FH is not a right 
ideal of FG. 

Example 3.1.47: Let G = {Z 4 , *, (3, 2)} be the groupoid. 

F = C(Zj 2 ) = (a + bi F I a, b e Zi 2 , ip = 11} be the modulo 
complex ring. FG be the groupoid ring. 

Take H = { (0, 2} e Z 4 , *, (3, 2)} c G to be a subgroupoid. 
FH c FG; FH is a groupoid subring of FG and infact right ideal 
of FG. Clearly FH is not a left ideal of FG. 
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We cannot always claim that every groupoid ring built 
using the complex modulo integer ring has right ideals and left 
ideals. 

Thus is shown by some examples. 

Example 3.1.48: Let G = { Z 10 *, (3, 7)} be the groupoid of 
order 10. C(Zi) = {a + bi F I a, b e Z 2 , ip = 1} = F be the 
complex modulo integer ring. FG be the groupoid ring. FG has 
no ideals be it right or left. It has no left or right ideals. 

In view of these facts we have the following theorem the 
proof of which is direct and simple. 

THEOREM 3.1.18: Let G = {Z„, *, (t, u)} be a groupoid and 
F = C(Z„) = {a + bi F \ a, b e Z m , i 2 r = m-1} be a complex 
modulo integer ring. FG be the groupoid complex modulo 
integer ring of the groupoid G over the complex modulo integer 
ring F. P is a left ideal in FG if and only if P is right ideal in 
FG' where G'= {Z n , *, (u, t)} is the groupoid. 

We can also say when the groupoid rings do not have ideals 
that is they are simple. 

Example 3.1.49: Let G = {Z 12 , *, (5, 7)} be a groupoid. 

F = C(Z 3 ) = {a + bi F I a, b e Z 3 , ip = 2} be a complex 
modulo integer ring, FG be the groupoid ring. FG has no ideals 
hence simple. 

Example 3.1.50: Let G = {Z 7 , *, (2, 5)} be a groupoid. 

F = C(Z 5 ) = {a + bi F I a, b e Z 5 , ip = 4} be the complex 
modulo integer ring. FG be the groupoid ring. FG is simple for 
it has no ideals. 

Example 3.1.51: Let G = {Z 19 , *, (13, 6)} be a groupoid. 

F = C(Z 7 ) = (a + bi F I a, b e Z 7 , ip = 6} be the ring of 
complex modulo integer. 
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FG be the groupoid ring of G over F. FG is simple. 

Inview of this we have the following theorem. 

THEOREM 3.1.19: Let G = jZ n , * (t, u)} be a groupoid. 

F = C(Z m ) = {a + bi F I a, b e Z m , i 2 F = m-1} be a complex 
modulo integer ring. FG be the groupoid modulo complex 
integer ring. FG is simple if t + u = n and both t and u are 
primes. 

The proof is simple for one can verify the result using 
simple number theoretic techniques. 

THEOREM 3.1.20: Let G = {Z p , * (t, u)} be a groupoid. 

F = C(Z n ) = (a + bi F I a, b e Z,„ i 2 F = n-1} be the complex 
modulo integer. FG be the groupoid ring. If t + u = p; (t, u) = 
1 then also FG is a simple ring. 

The proof is simple and hence left as an exercise to the 
reader. 

Now we proceed onto define and study groupoid rings for 
which the groupoid has identity. 

Recall G = Z n u {e} be a modulo integers with e £ Z n . 
Define a operation * on G by aj * aj = e for all a; e Z n and 

a . * e = e * ai = ai for all aj e Z n . For any a aj e Z n ; a; * a ; 
= e and a; * aj = ta; + uaj (mod n); t, u e Z n . {G, *, (t, u)} is a 
groupoid with identity. 

Let C = {a + bi I a, b e R} be the complex field. CG be the 
groupoid ring where l.e = e.l = 1 is called the identity of CG. 

Example 3.1.52: Let G = {Z 9 u {e}, *, (2, 3)} be the groupoid 
with identity e.F = C(Z) = {a + bi I a, b e Z) be the complex 
integer ring. 
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